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ALL UNCOUNTABLE CARDINALS
CANBE SINGULAR

BY
M. GITIK

ABSTRACT

Assuming the consistency of the existence of arbitrarily large strongly compact
cardinals, we prove the consistency with ZF of the statement that every infinite
set is a countable union of sets of smaller cardinality. Some other statements
related to this one are investigated too.

0. Introduction

It is well known that the axiom of choice implies that a countable union of
countable sets is countable and that for every ordinal aN.., is a regular cardinal.
Without the axiom of choice the picture is quite different.

Levy [6] proved that it is consistent with ZF that N, is singular. This leads
naturally to the problem of generalizing Levy’s result to all 8,’s. The purpose of
this paper is to show that such a generalization is possible if one is ready to allow
for the consistency of some large cardinals.

The exact statement of our main theorem is:

THEOREM 1. If ZFC+‘(Va € 0n)((3k > ) (k is a strongly compact cardi-
nal)y is consistent then ZF+ ‘(Wa €0n)(cfR, = o)’ is consistent too.

It is known that the consistency of ZF+ ‘(Va € 0n)(cfR, = 8;)’ cannot be
proved without assuming the consistency of the existence of some large
cardinals. Jensen’s Covering Theorem [1] implies that if both N, and N, are
singular then 0* exists. Recently Jensen and Dodd [2] were able to show that
under the same assumption, one can obtain an inner model with a measurable
cardinal. The large cardinals assumption which we use here is much stronger.
Even to make only N; and N; singular we need a cardinal k which is A -strongly
compact for every A < k**, where k™= k, k*™*" = (k*"y and k** = U, k™
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Following Specker [10], let us consider the class 2 ={a €E0n|[(VB = a)
(B=0v@3@y)(B=1y+1)v there is a sequence (y. | n < w) such that for each n
v« <B and B = U,cuya).

As Specker has shown exactly one of the following alternative hold.

1) Q=0n,

(2) Q= wq,

(3)x Q= wy+y, Where @ is an ordinal.

Levy and Feferman [6] constructed a model in which Q= w,. Levy [7]
obtained some interesting consequences of (3). If 1D w;, then Jensen and
Dodd’s surprising results in [2] show that there is a measurable cardinal in some
inner model. Using some large cardinal assumptions, we prove that each one of
the alternatives (1)~(3)., for any ordinal e, can hold. Using the same construc-
tions we get the following:

TueoreMm II. If ZFC+ ‘(Va € 0n) (3k > a) (k is a strongly compact cardi-
nal)’ is consistent, so are

(a) ZF + ‘every infinite set is a countable union of sets of smaller cardinality’.

(b) ZF+ Q = 0n + ‘there is an uncountable set A such that for every sequence
(A; | i € I), which is increasing with respect to inclusion, if |A;|<|A/| for every
i€Iand A =, A, then |I|Z|A].

Let us give a brief outline of the proof of Theorems I and II. We first extend
the universe V by a filter G generic over a proper class of forcing conditions
which are similar to those of Prikry [8]. In the universe V[G] thus obtained all
regular cardinals of V, and hence all cardinals, become ordinals of cofinality w.
V]G] satisfies all the axioms of ZFC except for the power set axiom. Inside
V[G] we construct a symmetric model Ng by the method described in Jech
[4,5]. The well ordered cardinals of N are exactly w, all the strongly compact
cardinals of V and their limits. Every such cardinal has cofinality @ in Ng. Also,
in this model every infinite set is a countable union of sets of smaller cardinality.
To obtain a model which satisfies (b) of Theorem II, we add by forcing an
amorphous set A to this model (i.e. a set A such that if B C A then |[B|<N, or
|A = B|<N&).

I am grateful to E. A. Palujtin for supervision of part of the work. I would like
to thank Professor Thomas Jech for pointing out errors in an earlier version.
Most of all, I wish to express my gratitude to Professor Azriel Levy and
Professor Menachem Magidor, for the many fruitful conversations we had and
for their patience and their suggestions during the time this work was being
completed.
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1. The basic model

A cardinal k is called strongly compact if every k -complete filter over any set
S, |S|= k can be extended to a k-complete ultrafilter over S.

Let M be a countable standard transitive model of ZFC+ ‘(Va €0n)
(3k > «) (k is a strongly compact cardinal))’. Assume without loss of generality
that there is a binary relation W on M which is a well ordering of M and such
that in the structure (M, €, W) the axiom of replacement holds for all formulas
of the language with the relation symbols € and W. This is a well known result
the proof of which can be found, for example, in Felgner [3].

‘Without loss of generality we can assume that there is no regular cardinal in M
which is a limit of strongly compact cardinals. If such a cardinal exists, then it is
inaccessible and let A be the least such cardinal. Consider the set M'=
{x € M|rank x < A}. M' is a model of ZFC (see, Jech [4]) and has the required
properties.

Let (k. | @ € On) be the increasing sequence of all strongly compact cardinals,
where ko= Rq.

DeriNITION 1.1. Let « be a regular cardinal, then

(1) a is said to be of type 1, if there is a greatest strongly compact cardinal
k = a. We shall write in this case ¢f'a = a. Let ®, be the least k-complete
uniform ultrafilter over « in the well ordering W of M, if k >N, and if k = Ry,
let d, ={X Ca||a=-X|<a}. By ®, being uniform we mean that if X € ®,,
then | X|= a.

(2) « is of type 2, if there is no greatest strongly compact cardinal = «. Let y
be the cofinality of the greatest cardinal B = a which is a limit of strongly
compact cardinals. We shall denote this y by cf'a.

If an « of type 2 is regular then, as we assumed, « is not a limit of strongly
compact cardinals, hence cf'a < a. Let (k3

v <cf'a) be the least ascending
sequence of strongly compact cardinals = k, such that g8 = U{k%|v <cfa}.
Denote by ®,, the least k;-complete uniform ultrafilter over a.

2. The forcing conditions

For any class R we denote {x [Jy(y, x)€ R} by rng R, {x [3y(x,y)E R} by
domR and {(x,y)|3z({x,(y, z))E€ R} by dom’R. Let R(x)={y|[(x,y)E R},
R"(x)={R(y)|y€x}, R|z={x,y)ER|x €z} Identify (x,(y,z)) with
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(x,y,z) and let ((x,y):=x, ((x,y)):= Y.

DeriNmTiON 2.1, Let P, be the class of all finite subsets p of Reg X w X 0n
(where Reg is the class of all regular cardinals), such that for every a € domp,
p(a) is a 1-1 function from some finite subset of @ into a.

‘We wish to change the cofinality of every regular cardinal to w. Hence to
construct generically an w sequence cofinal in such cardinal, an element of P,
will be used as a partial information on such sequences. (For all « € dom p, p(«)
gives partial information on such a sequence.)

For p,, p» € P, we write p,= p; if p,|(0n — k) = p,| (On = k,).

We shall now define P, which is a subclass of P,, dense in P, in the natural
partial order. The reason we restrict ourselves to P, is mainly technical.

DerinmmioN 2.2, Let P, be the class of all p such that:

(1) 14 € Pl’

(2) for every a € domp, cf'a € dom p,

(3) for every a € dom p, dom(p(cf'a)) D dom(p(a)),

(4) let {aq, - -, as-1} be the increasing enumeration of dom p — k,. There are
m,jEw, m=z1, j=n—1 such that dom(p(ax))=m +1 for every k <j and
dom(p(ai))= m for every j = k < n. This m and j are obviously unique for p,
therefore we put m(p)=m, a(p) = a;. (a(q), m(q)) is the point we have to fill
first above k, if we want to extend q.)

As a result of requirement (3) and (4), we see that for p € P, there is g € P,
such that dom’q = dom’p U {{a(p), m(p))} iff cf'a(p)= a(p) or cf'a(p) < a(p)
and (cf'a(p), m(p)) € dom’p. We call the member p of P, with this property
extendable. Notice that by (4) if cf'a(p) = k; then p is extendable. Using P- (or
equivalently P,) as the set of forcing conditions, will generate for each « € Reg a
collapsing function from w onto a. We have to be more careful. Prikry’s
conditions for changing the cofinality of a measurable cardinal to w attend this
problem by attaching to each condition an element A C k. A is a member of a
fixed normal ultrafilter on k. The new conditions have the form {p, A) where p
is, as before, partial information on w sequence cofinal in k and A is the set of
possible candidates for extending the sequence. The fact that the ultrafilter is
k-complete is used heavily in the proof that no cardinals are collapsed.

We can give up the condition of normality in the Prikry conditions if we allow
A to be a set of possible extensions of P. The condition A € U is replaced by a
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condition requiring that for every ¢ € A we have “many” possibilities of
extending q in A, namely {8|q"{B}E A}E U.

(Compare condition P5, P8, P9 below in Definition 2.3.)

Now suppose we want to change cofinality of every regular cardinal between
ks and k;.,. We can take some kind of product of Prikry type conditions, where
for each a € Reg N (k.. — k. ) we use for U @, which is a uniform k,-complete
ultrafilter on c.

The k,-completeness is used to show that there was too much damage done
below k,. For attacking every regular cardinal we have to take some kind of
product of these forcings, using for each a the last strongly compact cardinal (if
there is such, namely cf'(a) = a).

a such that cf'(a) <a present a special problem, since we cannot find an
ultrafilter on « which will be complete enough so that not too many cardinals
below a are collapsed. The method of changing cofinalities of such cardinals
without collapsing cardinals below was suggested to us by Menachem Magidor.
We take care of such a's by picking a sequence of uniform ultrafilters on «
(namely ®,,) each of them having larger and larger degree of completeness.
Namely, if p(a) is going to describe the » sequence cofinal in «, and p(a)(n) is
defined yet we want the set of possible candidates for p(a)(n) to be in ®,,,, for
some v,, we want the v, to be cofinal in cf'(«), so that essentially for n large
v < cf'(a)} will be achieved.
That is a little bit difficult to get since cf'(a) may be greater than w, but we do

enough any degree of completeness below Sup{k

try to make it of cofinality w as well, so we do have partial information on an @
sequence cofinal in cf'(a) and we are going to use this information by picking v,
to be the nth member of the sequence cofinal in cf'(a). (See condition P9.)

That explains why we wanted in Definition 2.2 condition (3) that
dom(p(cf'a)) D dom(p(a)) because before we go on with the sequence we want
to know the sequence for cf'(a) at least for that length.

DeriniTION 2.3. A member of P; is a pair (p, U) which satisfies requirements
(P1)-(P10) below.

(P1) pE€ P..

(P2) U is a subset of P,.

(P3) pe U.

Before listing the additional requirements, let us explain the meaning of the
conditions. {p, U) is a condition similar to those used by Prikry [8]. (p, U) is such
that p gives partial information on G, and U restricts the choices of additional
information to members of U.
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(P4) For every ¢ € U, ¢ D p and domq = domp.

(P5) For every q € U such that q = p, if (o, m)€E (k,Ndomp) X » — dom®q
then {8|q U{a, m,B)}E U} € D..

(P6) For every qi,q.€ U if q.~p and q, U q,E P, then q,Uq.€ U.

(P7) For every g€ U and a Ck; X w X ki, pU(gNa)e U

(P8) For every q € U if cf'(q) = a(q) (where a(q) is defined in Definition 2.2
(4)) then {B[q U{{a(q), m(q), B} E U} € Pugy).

(P9) For every qe U if cfa(q)<a(q) and m(q)€ dom(q(cf' a(q))),
{Blq U{a(q), m(q), B} E U}E Puyyqetawmman-

(P10) If ¢ € U and q# p then there is a unique triple (a, m, B) such that
q' =q—{{a,m,B)}€ U and (o, m) = (a(q’), m(q’)). We shall denote this q’ by
q-.

An extension of (p, U) which does not change dom(p) will be of the form
(q, V) where ¢ € U and V C U. Conditions (P5)-(P10) guarantee that rich
enough collection of q’s in U. For instance, (P5) claims that practically any
additional requirements we want to add to p and which refer to cardinals below
k, can be added to p and shall keep us in U.

(P6) claims that if we extended p as above just by information below k,, then
this information can be added to any other condition in u provided it is
consistent with this condition.

(P8) and (P9) deal with extensions above k,.

If ¢ € U we know that (a(q), m (q)) is the first point that has to be filled above
k.. (P8) and (P9) claim that there are many possibilities to extend g to
(a(q), m(q)). Namely, the set of these possibilities is the appropriate ultrafilter.

(P7) and (P10) claim that U is closed under certain restrictions and thus
certain “holes” in U are avoided.

From now on whenever g € P, is extendible, we shall denote the appropriate
ultrafilter given by (P8) or (P9) with ®,, i.e., if cf’'a(q) = a(q) then @, is D,
and if cf' @(q) <a(q), then P, is Po)acra@imiay-

Lemma 2.4. If (p, U)E P, then {p|a, {t|a|t E U}E P; for every set a of
regular cardinals such that if a € a then cf'a € a.

Proor. Conditions (P1)-(P4) hold trivially for {p | a, {t| a |t € U}). (P5) also
holds since if ¢ = t|a for some t € U and q = p|a then since (P7) holds for
(p, U) we can choose a ¢ such that t =~ p. Then, since (P5) holds for {p, U), we
obtain that {B<a|tU{{a,m)l€E U}ED®, for every pair (a,m)E
(kyNdom(p | a)) X w — dom®q. Hence
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B<a|qU{a,mB)E{t'|a|t'e U} D,

Now we want to prove (P6). Let q,=t,|a, g.=t:|a where t,,1,€ U and
t,= p. Since (P7) holds for {(p, U), pUt]a € U. If g:Uq,€E Py, then ,Up U
(t./a)E P, and hence, since (P6) holds for (p,U), L,UpU(t:|a)€E U.
(hUpU(tla))la=tlaUt]la=qUgq, ie, :UqE{t'|alt’'€ UL

Conditions (P7)-(P9) follow easily from the assumption that (p, U) € P;.

Let us prove (P10). Let g = ¢ | a for some ¢ € U. We can clearly assume that ¢
is of minimal cardinality among those ¢t € U for which q =t |a. If g p | a then,
obviously, t# p, hence ¢t~ € U. By the minimality of |t|, t7| a# q and hence, as
easily seen, a(t")E a and q~ =t | a. Thus ¢~ €{t|a |t € U}, which completes
our proof. O

Lemma 2.5. If {p, UYE Py, t € U, then (t,U,) € P5, where U,={q€ U|q D
t}.

Proor. Conditions (P1)—(P4), (P8), (P9) hold trivially. Let us prove (P5). Let
(a,m)€ (k,Ndom )X w —dom’q, for some q € U, q=t Let ¢'=q|k,Up.
Then since (p,U) satisfies (P5) we obtain that A=
{819 U{{a, m, B)} € U} € ®.. But (P6) implies that for every BE A, qUq'U
{{a, m, B)} € U hence q U{{a, m, B)} € U, for every BE A ED,.

Let us prove now that (t,U,) satisfies (P6). Let ¢q,,q.€ U, q.=1t and
q:Uq:E€ P,. Let q;=q:| ki Up. Since (p,U) satisfies (P7) q2€ U. Clearly
q:Uqs=q.Uq:€ P, hence since q;~p and (p, U) satisfies (P6), : Uq.=
qU qée U.

To get (P7), let q€ U, a CkXwXk, since {(p,U) satisfies (P7) pU
(g Na)€ U. Notice that tU(p U(qNa))€E P, since q Dt 2 p. Since {p, U)
satisfies (P6) and p U(g Na)=p we have

tU(@na)=tU(pU(gna))el,

since tU(gNa)dt tU(@na)e .
To see that (¢, U,) satisfies (P10) all we have to do is to notice that if g € U, and
q# t then also ¢~ D ¢, but it follows immediately from (P4) of Definition 2.2. [

DermiTion 2.6. For p € P, and b D dom p such that b is closed under cf’ and
b C Reg, p' € P,iscalled a b-extension of p if domp’ = b and p'|domp = p.

Lemma 2.7. Let (p, U)E Ps, b D domp, and b C Reg. Let p’ be a b-extension
of pand U'={q'€ P,|q' 2 p’' and q’ is a b-extension of some q € U}. Then
(p’, UYE P;.
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This lemma follows directly from the definition of Ps.

Lemma 2.8. If (p, U),{p, V) E P, then also (p, UN V)E P,

Proor. Note that for every g € U NV, if we can extend q on a pair (e, m ) in
U (i.e., (a,m)E€ domp X @ — dom’q and for some 8 < a, q U{{a, m, B)} € U),
then we can extend g on (a, m)in V. The set of such extensions for U and for V
is in the filter over a, so also the U N V set of extensions of g lies in this filter.
This ensures that (p, U N V) is a condition. d

DermniTioN 2.9.  For {p, U),{(q, V) E P; we put {q, V)= (p, U) and say that
(g, V) is stronger than (p, U) and also that (g, V) extends {(p, U) if V |domp C U,
where V |domp denotes {t |domp |t € V}.

3. The main model

DermniTiON 3.1. Let G be a group of permutations of Reg X @ X On. For
TEG

(1) |dom(dom 7)| < N,

(2) for every a € domdom 7 there is a permutation 7* which is defined on
some finite subset of a such that for every 8 <a, n < o,

7T(<Cl’, n, B))= (a, n, 77’“(3)) lf ﬁ [ dom 7Ta,
7({a, n, B)) ={a, n,B) if B& dom #°.

If a is a finite set of regular cardinals then let H, = {r € G |Va € a, 7* is the
identity function on dom 7, if @ € dom(dom 7)}. Obviously H, is a normal
subgroup of G. For 7 € G let P™ be the subclass of P, such that {p, U)€E P~ if
conditions (1)-(3) below hold:

(1) dom p 2 dom(dom 7},

(2) for every a € dom p, dom(p(a)) = dom(p(cf' a)),

(3) for every aEdom(domw), rmgp(a))2{BEdomzr*|IqE U,
B € rng(q(a))}. Notice that not always does rng(p(a)) 2 dom 7°.

It can be easily shown, using Lemmas 2.5 and 2.7, that P” is a dense subclass
of (P, =).

For (p, Uy€ P™ define 7 ({p, U)) to be

(mp, wU) = {(w"(p | dom(dom 7 ))) U (p — p | dom(dom 7)),
{(="(t | dom(dom 7))) U (¢ — t | dom(dom 7)) | t € U}).
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LEmMmA 3.2. The mapping m of P™ just defined is an automorphism of
(P, =).

ProOF. As easily seen, it is enough to prove that (P9) holds for 7 ((p, U)). Let
q € U and cf'(a(q)) < a(q). If y = q (cf'(a(q))(m(q)) € dom 7““” then by (3)
above y € rg(p(cf'(a(q)))) and since g D p and q(cf(a(q))) is a 1-1 function
m(q) € dom(p(cf'(a(q))). By (2) above m(q)E€ dom(p(a(q))), hence m(q)€E
dom(gq(a(q)), but this contradicts the definitions of m(q) and a(q). Therefore
y€ dom w**@. Hence {8 |mq U{{a(nq), m(mq), B)E wU}2{B|q Ula(g),
m(q), B} € Ul—dom € ®,,,, since a(mq)= a(q) and m(mq) = m(q).
Also since y& dom 79, y = (mq)(cf'(a (mq))) (m (7q)). O

Notice that, since P” is a dense subclass of Ps, 7r can be extended to a unique
automorphism of the complete Boolean algebra B = RO(P5) (for the definition
of RO see Jech [4]). We denote the extended automorphism with the same
letter.

Let G be a generic subclass of P; and N the symmetric submodel of M[G]
which is generated by {H, | a is a finite set of regular cardinals}. The construction
of the symmetric models is given in Jech’s books [4,5]. For any x € M[G] we
shall denote by x a name of x in M, i.e. an element a of M such that Ks(a) = x,
where K is as in Shoenfield [9]. For « € Reg let P, = {{p, U)€& P;|domp C a}
and G, = G NP, Then G, is a generic subset of P, and by Shoenfield [9],
M[G]=U{M|[G.]| « € Reg}. It can be easily seen that M[G] satisfies the
axioms of extensionality, pairing, union and infinity. Also notice that every
M][G.] is a model of ZFC.

LeEmMmA 3.3, Let ®(x,,---, x,) be a formula, x,,- - -, x, € HS (HS is the class of
all hereditarily symmetric names —see Jech [4,5]) and let a be a finite set of
regular cardinals such that sym((x,- -+, x.)) D H,, where symx ={n EG | nx =
x}. Assume that for every a € a cf'a € a.

If (p, UYkD(xy,- -+, x,), then (p|a, Ula)lF ®(x,,---, x.).

Proor. Suppose that (p|a, U|a)¥ ®(x,,- -, x.). Then there is a condition
(g, V) stronger than (p | a, U | a) which forces ®(x,, - - -, x,). It is now enough to
show that there are conditions {p’, U"), {(q’, V') and an automorphism 7 € H,
such that {p’, U= (p, U), (q’, V)= {q, V) and =w({p', U")) =(q’, V'); this wili
yield the required contradiction since we get (p’, U =5 [ ®(xy, -, x)|? =
®@Grxy, -, 7x )P 82 (@', V') = —[|®(xy, -+, x,)||° where =5 is the partial
ordering of the Boolean algebra B = RO(P;).
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We shall now extend (p, U) and {(q, V) in several steps. First we shall extend
(p, U)to(p*, U*) such that p*|a = q | a. Since (p | a, U | a) =(g; V) we get that
gla€ U|a and hence q|a=1t|a for some t € U. Let (p*, U*) be (t,{s €
U|s2t}). It is condition by Lemma 2.5, {p*, U*)=(p,U) and p*|a =q|a.
Using Lemma 2.7 we can extend (p*, U*) and (q, V) to {(p,, Uy) and (q:, V1)
respectively, such that dom p, = dom g, and p;|a = ¢,| a. It can be easily seen
that we can now extend {p,, Uy), {(¢:, V1) to the respective conditions (p,, U,),
(g2, V) so that dom p, = dom g, for every a € dom p,

dom(p(a)) = dom(q(a )) = dom(px(cf'(«))) = dom(qz(cf'(a))),
and p,|a = q.| a. Let
U,={t € U;|Va € domp,— a, (g t(a) — mg px(a)) N mg g:(a) = I},
Vo={t € V2|Va € domgq,— a, (tng t(a) — tng g:(a)) N rng px(a) = T}.

Now we are ready to define the automorphism. For B8,y €0n and « €
domp,— a let p*(B) = vy if for some n < w, px(a)(n) = B and q:(a)(n) = vy. Let
f* be a 1-1 correspondence between (rng p* —domp®) and (dom p® — g p*).
Denote by 7> the finite permutation of « which is defined as follows:
dom 7> =domp* Urngp®, for y Edom#" let #*(y)=p*(y) if y Edomp”
and 7°(y)= f*(y) otherwise. Let 7 be the member of G obtained from these
7>’s, for a € dom p,— a, in the obvious way. First note that {p;, Us),{q2, V3) €
P". Let a €domdom#, then a €domp,—a and if for some ordinal B €
dom 7* = mg p(a) Urng g-(a) and t € U,, B € g t(a), then by the choice of
Us, B € rmgp,(a). Hence we can apply o to (p., Us) and (q,, V5). Let V'=
VsNwUs; and U’ ={z"'(t)|t € V'}. Since m(p,) = q. we have, by Lemma 3.2,
{qz, mUs) € P, and it follows easily that also {(q., V') € P". Applying Lemma 3.2
again (for 7~') we get (p,, U)E P". So we obtained respective extensions
(p2, U") and (g2, V') of (p, U) and {(q, V) such that for # € H,, w({p,, U")) =
{q2, V). O

Lemma 3.4, Every limit ordinal « is of cofinality R, in Ng.

Proor. It is enough to prove the lemma only for every regular cardinal « in
M. For such an a and for every 7 <a, the class D, = {{p, U)E P;|3In < o,
p(a)(n)z= 7} is a dense subclass of (Ps, = ). Hence G |{a} is a function from w
on an unbounded subset of a. The natural name of this function is symmetric
since it is invariant under H ;. Hence G |[{a} € Ng. ]
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4. The axiom of replacement

Let A(xi, x2), B(x,) be new predicates, where B(x,) will assert that x,E M
and A (xi, x,) will assert that (x,, x5} is in the generic filter G. We recall that W is
a binary relation which well orders M.

DEerFiNITION 4.1. Let t € P,, then we define:

D) tkBx),if(Vt'zt) @t"zt) Ay eM) (t"Fy = x),

(2) tFA(xy,xy), if (Vt'zZt) 3t"=t") Ay €P) (Qy.EM) (y.C P,))
(y1, y2) € P5) and (¢"F (x, = y1) and (x2 = ¥2)) and 1" = (ys, y2),

B) tFW(xy,x,), if (Vt'=1¢) At"z=+¢')3y,dy, (W(y1,y2) and t"IF ¥, = x, and
t" ¥, = x,).

DEeFINITION 4.2.

(1) M[G]EB(x)if xeM,

(2) M[GE A(x,, x2) if (x1,x2) € G,

3) M[G]E W(x),x,) if x;,x,€EM and M E W(xy, x,).

LeEmMA 4.3, Let ®(x,,- -, x,) be a formula of the language of (€, =,
A,B, W), then M[GlE ¢(x1,---,x.) iff there isa t € Gt o(xy,-- -, x.).

The proof is similar to the proofs of the analogous lemmas in Shoenfield [9].

Lemma 4.4, There is definable well ordering of M[G) in the language
<E’ =7A7B’ W)‘

Proor. The predicate W defines well ordering of M. By Shoenfield [9]
M[G] = U{Ks(a)|a € M} and every Ks(a) is a set in M[G). For b € M let
A(b) be defined in M by induction on rank(b) as follows: A(b) is the smallest
such that A(a)=a for all a €mgb and t € P, for all t Edomb. By [9]
A(b) = a - Ks(b) = Kg, (b) and M[G]= U, er; M[G.]. Hence G. € M[G]
for every a € Reg and there is a formula ¢o(x, y) such that M[G ]k ¢o(x, y) iff
yE€0On and x € M[G,]. There is also a formula ¢(x,y,z) such that
M[G]E ¢i(x,y,z) iff M[G]E (po(x,y) and x = K, (z)). Notice that for the
definition of K, (z) we need the axiom of replacement only in M[G, ], which is a
model of ZFC. Write now ¢ (x,y) for B(x) and ((Va €0n)(a = A(y)
= (@o(y, @) and ¢.(y, a, x)). Then M[G]E ¢(x, y) iff y = Ks(x). Combining W
with ¢, we get a definable weli ordering of M{G]. O

Let us fix some such well ordering.
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LEMMA 4.5. Let ¢(x,y) be any formula of the language of (€, =, A, B, W).
If for some a € M[G], M[GlE(Vx € a)(3y) (¢(x,y)), then there is b € M[G]
such that M[G]k (Vx € a)(3y € b)(¢(x,¥)).

Proor. First note that for « € Reg, M[G,] is definable in M{G]. Let, for
x € a, ¢(x, «) be equivalent to the following statement: ‘« is a least regular
cardinal in M such that there is y € RY!“) which satisfies ®(x,y)’, where
R ={x € M[G,]|rank™®)x < a}. Note that for every x € doma there is
an ordinal B, such that for every y = B,, t € P5, t ¥ Y(x, ¥), since otherwise we
obtain a proper class of pairwise incompatible conditions which is impossible,
since suppose that {{p., U.)| « € Reg} C P; are pairwise incompatible. Define for
such f(a) = p. | a. Since | p. | < 8, we can assume without loss of generality that f
is a regressive function. But if f(a)=f(B), then (p., U.) and (ps Us) are
compatible by Lemmas 2.5, 2.7 and 2.8. 8 = U{B. |x € doma}. Let a be the

least regular cardinal in M which is z 8. Then
M[GlE(¥x€a)@y € RY%N(e(x,y)). RYN%eM[G.]CM[G] since
M|[G.]is the model of ZFC. O

LeEmMmA 4.6. Let ®(x,y) be a formula of the language of (€, =,B, W). If
N k= (Vx € a)(3y)(P(x,y)) then there is b € No such that NgkE (Vx € a)

3y € b)(P(x,y))-

Proor. For a € Reg let Ng, be the symmetric submodel of M[G.] which is
generated by {H,|a is a finite set of regular cardinals <a} Then Ng =
U({Ng, | @ € Reg}. Let in M[G]F ¢(x, a) iff a is the least regular cardinal in M
such that for some y € RYo. N = ®(x, y). By Lemma 4.5 we obtain a, such that
Ns k= (Vx € a)(3y € Ri2.0)(P(x, y)). Note that since Ng, is the model of ZF,
R250€ Ng, C Na. O

THEOREM 4.7. (1) The Axiom of Replacement is true in M[G] for any formula
of the language of (€, =,A,B, W).

(2) The Axiom of Replacement is true in N for any formula of the language of
<e H = b B, W)’

Proor. The models M[G], N are closed under Gddel’s operations. Hence
we need only to show that for any formula ®(x,y) in the models M[G], No
the following holds:

(Ya)@b)(((Vx € a)3y)(P(x, y)) = (Vx € a)(Ty € b)(P(x, ¥))))-
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This follows from 4.5 and 4.6. O
Note that M[G]kZFC+ ‘Va €0n |a|=N,, where ZFC™ is ZFC without
the Axiom of Power Set.

5. The Axiom of Power Set

The next lemma is based on a modification of theorem 1.36 of Prikry [8].

LEmMa 5.1. Let o= ¢(x1,* ", xn) be a formula, x,,---,x, €EHS and
sym({x,, - * -, X)) D H. for some finite set a of regular cardinals. Then for every
forcing condition (r, B) such that domr = a there is a stronger condition (s, A)
such that doms =domr, s=r and (s, A)| o, where by (s, A)| o (read (s,A)
decides o) we mean that (s, Al o or (s, A)F o).

Proor. Letr, € B and r; = r. We shall define for every such r, aset F, C B. If
r, is not extendible then we put F, = {r,}. If r, is extendible let

S¢'={sE€B|s2r,s|k,=r|k, and there exists a U C B
such that (s, U)E P; and (s, U) I o},
S'={s&€B|s2nr,s|k,=r|k, and there exists a U C B
such that (s, UYE P; and (s, UYIF — o},
S}={s€B|s2r,s|k=rlk, and there is no U C B such
that (s, UYE€ P, and (s, U)| o},
S1=8,US'US}={s€EB|sDr,slki=r|ky.

We shall now consider the double domains (dom?) of the members s of $™. We
shall denote by x the function on some k = w which enumerates the additions to
dom’r, needed to obtain those double domains. Let a — k, = {ao, - -, an_1},
where ap<a; < -+ < a,-1; since we assumed that $"2{r;} we have n >0. We
define x by recursion as follows: x(0)= (a(ri), m(r.)). If x(i) is defined let
x(i)=(a;,m)forsome 0=j<n and m <w. Let (& m)be (q.,m)ifj<n-—1
and (@g,m+ 1) if j=n-1. lf cfa=k, or cf'é <k, and {cf' & m) € dom’r,,
then set x(i +1)= (@, m); if cf' @ <k, and (cf'@ m )& dom’r, then x(i + 1) is
undefined and dom x = i + 1, since by (3) of Definition 2.2 there is no s € S
such that (& m)& dom’s. Notice that for every i <domx and s € S" if
x(i)=(a(s),m(s)) and cfa(s)<a(s) then (cfa(s),m(s))€Edom’s; if
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cf' a(s) = k, this follows from s € P,, if cf' a(s) < k, and i >0 this follows from
the fact that x (i) is defined, and if ¢f’ a(s) < k, and i = 0 this follows from our
assumption that r, is extendible.

For every i <domx let F, = {s € §"|dom®s — dom®r, = x"(i + 1)}. We define
now a set of functions F,; on F; for every i,j such that domx >j = i. For [ <3
and s € E, let F;(s)=1if s€ S; and for i <j let F,;(s)=1 if the set

{B|s U{a(s),m(s), B)} € B and
E+1,j(5 U {(a(s), M(S), B)}) = l}

is a member of the ultrafilter ®,.

We shall now define F;C F, for i <domx, by recursion. Using the k,-
completeness of the ultrafilter ®, we find a set F; C F;, which is homogeneous for
all functions F,; (j <dom x) (homogeneity means that for all t,, £, € F} and for
all 0=j <domx, F,;(t,)=F,,(,)) such that {8|r,U{{a(r),m(r), B)} &€ Fi}€
D,.

For 0 <i <domx we take F'={s € F, ]s‘eﬁi_l and for all i =j <domx,
F,;(s) = Fi-1;(s7)} where s~ is as in (P10). It follows easily by induction on i that
F is homogeneous for all functions F,; (i =j <domx). The definition of the
functions F,; implies that for every t € Fi_,, {B| t U{(a(t), m(¢), B)} € F} € @,
Set E, = {r}uU{F!] i <domx}. To see that this construction leads us in the
right direction we shall show that if s,s.€E F,, (s1,A)),{s;, A,)EP; and
(51, Ay, (52, As) = (r, B) then we cannot have (s;, A)F o, {s;, A;)IF —10. For
some iy, i, = dom x, dom®s; = dom’r, U{x(k)|k <} for j = 1,2. Assume, with-
out loss of generality, that i, = i,. We shall see that if i; <i, we can increase
dom?®s; single steps till we get i, = i,. Since {(a(s:), m(s:1)) = x(iy) and i, <i,<
domx, s; is extendible. By what we have mentioned E ={B <a(s)|
s;U{{a(s,), m(s:), B)}E F.,} €D, and since (s, A)EP;, E'={B<al(s)|
siU{a(s),m(s), BYE A} ED,. Let BEENE/ let 5=
s:U{{a(s;), m(s1), B)} and let A,={t € A,|tDs,}. Then clearly 5,€ F;,CF,
and (5, A)=(s;, A,), hence (5, A)ko and dom*5, =dom’r, U{x(k)| k <
i, + 1}. This way we keep increasing i, till we get i, = i,. We denote i, — i, by i. If
i =0 then s, =s,=r, hence (s, A,) and (s,, A,) are compatible, contradicting
(s1, ADF g, (52, AYF —1 0. If i >0 then s, 5, € F)_,. Since (s;, A;)=(r, B) and
(s;, Ak o we have s, € S¢', hence F,_,;_1(s;) =0, and similarly F,_,;_(s;)=1
contradicting the homogeneity of Fi_, for F,_y,,.

Let F=U{E,
membership in P, except possibly (P6). This is the reason why we define yet

rn€B and r~r}, (r,F) satisfies all the requirements of
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another set F'. First we put in F' r as well as every r' € B such that r'=r. For
s € F', we put s U{(a(s), m(s), B)} in F" iff for every r, € B such that r, =~ r and
rnos|ky, nUsU{a(s),m(s),B)EE,.

To prove that F'CFletseF.1fs~rthen, by the definition of F’, we have
s € B and therefore s € F, CF. If s#r and s =s U{{a(s),m(s"), B)} € F'
then, by the definition of F' s~ € F’ and for every r, € B such that r,~r and
rn2s |k, nUs€F,CF We may assume as an induction hypothesis that
s~ € F C B. Taking r,=r U s~ | k, (which is in B by requirements (P6) and (P7)
of Definition 2.3) we get that s=r,Us € F.

‘We shall now prove

(1) if sEF,FEB F~rand7fDs|k thensUF € F".

'We shall prove (1) by induction on the number k of pairs (a, m), with a = k,,
in dom®s —dom?’r. If k =0 then s =7, and since 7 D s|k,, FD s and we have
indeed s U 7 = 7 € F’ by the definition of E’. If k >0, then s r and we have, by
the definition of F’, s = s~ U{(a (s7),m(s7), B)}, for some B <a(s), s € F
and for every r, € B such that ry=r and r,2s |k, sUREF,. Since 7 € B,
F~rand FDs|k, =s"|k, and (1) is assumed to hold for s~ by the induction
hypothesis, we have s~ U 7 € F' C F. Since 7= r we have a(s” U 7)= a(s”) and
m(s"UF)=m(s”) and therefore in order to prove that sUF=
sTUFU{a(sT),m(s7), B e E’ all we have to do, by the definition of F' is to
show that for every r,€ B such that r;,=r and r,2F we have nUsUF =
r,Us € F, . But this follows directly from the facts that s € F’ and s# r, by the
definition of F'.

Now let us prove that {r, F’) € P;. Requirements (P1)—(P5), (P7) and (P10) hold
obviously. Requirement (P6) follows easily from (1) above. Now let us prove that
(P8) and (P9) also hold. Let s € F’ be such that either cf’ a(s)= k, or else
cf a(s) < k, and {cf' a(s), m(s)) € dom’s. For r, € B such that ,=r, r,2 s |k,
let E,={B8<a(s)] nUsU{a(s),m(s),B}EF,}). By (1), nUseF'CF
Since r; U s € F there is an i < dom x such that r, U s € F'. By our assumption s
can be extended on {a(s), m(s)) in B, hence domx > i + 1. As we have shown
above, E, belongs to the ultrafilter @, ,,. By our assumption on s and since
rn=r rn2s|k, we have ®,,,=®, ®, is k,-complete and there are at most
|[U(k;Ndomr)*+1<ky, r,€B such that r,~r. Hence E =(\{E,| nEB
and r,~r and r;Ds|k,} € ®,. By the definition of F’ we have {B <a(s)]
s U{a(s), m(s), B)} € F'} = E € d,. Hence (P8) and (P9) hold for (r, F").

Finally, let (s;,, Ay = (r, F’) be any condition which decides o. By Lemma 3.3
we can assume that (s;, A,)|domr =(s;, A,) and hence s,€ E’, A,C F'. Put
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s=s]kiUr, A={tEF'| t2s and t|k,Us,EA;}. We shall show that
(s, A)| 0. Assume that (s;, A\)I o (if (s, A))F —1 & we can proceed similarly).
Suppose that (s, A) § o. Then there is a condition (s,, V)= (s, A) which forces
—10. By Lemma 3.3 it is enough to only deal with the case where s,€ A and
VCA. Let si=s;Us;|k,. By the definition of A, s;€ A,CF. Put A'=
{g € A,|q D si}. Then (si, AYE P, (si, A"Y= (s;, A,) and, hence, (s}, A')F 0.
We have si, 5, € F oo, (51, A", {55, V)= (r, F"), (s\, A)F o and (s,, V) IF — o,
but this contradicts what we proved above about the F,’s.

DEerIntTION 5.2, Let {p, U),{s, V)€ P; and q € P, be such that
(1) domgq D domp Udomss,

2) q|domp € U,

(3) g/domse V.

Then let (s, V)U?(p, U) be the ordered pair (q, W), where

W={tEP,|tDq domt=domg, t|domp € U, t |doms € V}.

LemMA 5.3. Such a defined pair (q, W) is a forcing condition stronger than
both {p,U) and (s, V).

Proor. Let p’=gq|domp and s'=q|doms, then by Lemma 2.5 {p’, U,),
(s', Vo)E P, where U, ={reU|rDp’}, V,={r€ V|r2s'}. By Lemma 2.6
(q, U"), {q, V"Y€ Ps where U'={r| r 2 q and r is a dom g-extension of some
t€U,} and V'={r| rDq and r is a domg-extension of some t € V,}. By
Lemma2.7{p, U)U%(s, V)= {(q, U'N V') € P,. ]

THEOREM 5.4. Ng k= the power set axiom.

Proor. Let x € Ng. We shall construct a one-one definable in M[G]
function from P (x)= P(x) N Ng into a set in M, let k be the least strongly
compact cardinal greater than & = UU{suppz | z € domx} U |dom x | where
supp z is the least finite subset a of Reg such that symz D H,.

Put P, ={(p, U)E Ps| domp C «a} for regular cardinal a. Then, as can be
easily seen, G, = G N P, is a generic subset of P,.

Let T, ={{p, UYEP;| VqE U, Va =k, Vn < w if (a, n)€ dom’q — dom’p
and cf' a@ < « then the ultrafilter @ vy is k -complete}. We shall prove that T,
is dense in P;. First notice that the class

D ={{p, U)€E P;|forall @« € dom p, dom p(a) = dom p (cf'a )}
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is dense in P;, as we saw in Definition 3.1 where we mentioned that P~ is dense.
Now we shall prove that for every (p, U)E D there is a U'C U such that
(p, U E T.. For every a €domp — k such that cf'a < a let A, be the least
ordinal v <cf'w such that k7= k where k7 is as in Definition 1.1. Clearly,
(p, UNYE T, iff for all q€ U’ if a(g)zk and if cfa(g)<a(qg) then
q(ct' a(q))(m(q)) Z Augg)- Therefore if we set b = {cf'a | « € dom p ~ k}, and for
@ €b c; =max{\,| «a Edomp -k and cf'« = a}, then (p, UYE T, if for all
q € U’ and (@ m)€E€ dom’q —dom’p, we have q(a)(m)= c;. Therefore, we
choose U'={g € U|forall @ € b and m < w if (& m) € dom’q — dom’p, then
g(@)(m)=(a)}. It is easily seen that (p, U’) € Ps.

Let y € PV (x) and sym((x, y)) D Ha, -k, apksoay 10T sOme regular cardi-
nals ay,**, Q- -, 0 suchthat n >0, o, < o< -+ <k <o, <k < ---
< am. Let 1y be the least member of T, N G, in the well ordering of M[G] such
that rolk y C x and dom((ro),) = {@o, - *, k1, @ "+, ay kK, + +, @ }. Such ry exists
by Lemma 3.3. Let A be the least cardinal greater than § and «..

Consider the following statement:

(*) for every condition (p, U)E T, such that (p,U)=r, and domp C
A*U(0On — k) there is a stronger condition {p, F) such that for every z € dom x
and for every s € P+ if s=(p|A*, F|A") and supp z C dom((s),) then

(a) There is a forcing condition s' € P,~ such that

1) s'zs,

(2) dom((s")1) = dom((s)y),

3) )h=(s),

(4) for some q € P, such that g|A* =(s'); and q |domp E F

s'UT{p, FY||z €y.

(b) For every s’ € P,- which satisfies conditions (1)-(4) above, if q,, g, € P, are

such that g;[|A* = g2| A" = (s"); and q,|dom p, q.|dom p € F, then

s’U"l(p,F)ll—z €y iff
s'U%(p, EYrz €y and
s’Uq'(p,F)IF z&y iff
s'Un(p, Fyk z& y.

Suppose that () holds. Let {p(y), F(y)) be the least member of G in the
well-ordering of M[G] which satisfies (*). The intuitive meaning of (*) is that in
order to decide statements about membership in y, one has just to get
information about G N P,~.
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We define the map g, € M from P. dom x into the set 3 = {0, 1, 2} as follows:

(1, if s=(p(y)| k, F(y)| k), dom(s,) D supp z and for
some q € P, such that g |dom(p(y)) € F(y) and
q|A*=(s)]A" we have

(sIAHUT(p(), FGHFzEY

g (s,2z)= 4 0, if s = (p(y)| k, F(y)| k), dom(s), D supp z and for
some q € P, such that g |dom(p(y)) € F(y) and
q|A*=(s):|A* we have

(SIAHUTpG), FoNkz &y

| 2, in all other cases.

Note that part (b) of (*) guarantees that g, is a function. Put f(y) = g,, where y
is the least symmetric name of y in the well ordering of M[G]. Now we want to
show that f is 1-1 map. Let y,, y, € P™ (x) and y; # y,. Find the least symmetric
names y,, y; for y,, y.. There are a condition s, € G and a z € dom x such that s,
is stronger than {(p(y.), F(y.)) and {(p(y.), F(y.))y dom(so);Dsuppz and
solF(z Ey, and z€ y,) or sol-(z €y, and z& y,). Note that s, also forces the
formula (y;Cx and y,Cx) since so={p(y), F(y)), {(p(y2), E(y.)). We can
assume, without loss of generality, that s, (z € y; and z € y,). Let A; be the least
cardinal greater than & U U (supp((x,y:)) N k) for i =1,2. Let s'Z s,[A{ be a
condition which satisfies requirements (1)-(4) of (*) with respect to A;, so[ A7 and
{(p(n), E(y.)). Since s'Z s,/ AT and dom((s'),) = dom((so):) N A1 we can choose
q € (s0), such that q |\ = (si).. Notice that q [dom(p(y.)) € Fi(y.) since so=
(p(y:), E(y:)) for i=1,2. Hence s'U’(p(y),F(y)) is defined. Since s’
satisfies (1)-(4) of (*) there is a q*E€P, such that gq*[A7=(s),
q*|domp(y;) € F(y:) and s’ U (p(ys), E(y.))| z € y:. By (b) of (*) we have that
also s’ U {p(y,), F(y:))|| z € y.. Since q € (so), we get, by Lemmas 2.5 and 2.8,
that s"U?(p(y,), F(y.)) is compatible with s,. Therefore, since s,z € y; also
s'UT(p(y:), E())F z € yi. But s'| A3 U (p(y2), F(y,)) is compatible with so.
Hence s'| A3 U*{p(y2), F(y)) ¥ z € y,. Now by the definition of g, g, (s'| k,z) =
1 and g,(s'|k,z)#1.

The map f ' is definable from parameters in M[G] and maps a subset of
3®xdem) M on PMe(x). Hence by Theorem 4.7 (1) P (x)€ M[G]. For
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y € PYo(x) let f'(y) be the least strongly compact cardinal « in M such that
y € Ng_. By 4.7 (1) we obtain that PNs C Ng, , for some ao € Reg. Then since
No, FZF, PY (x)E Ng, C No.

Hence the theorem will be established once we prove the statement (*).

First we prove two lemmas. Let A be any regular cardinal >k, and k be the
least strongly compact cardinal greater than A. Let (p, U)€E€ P; be such that
dompN(A—k)#Janddomp N(k —A)=U. Let (p, V)E P5, {p, V)= (p, U)
we say that q € V is A-extendible in V if there is a q' € V such that ¢'2q and
q'| A = q| A, otherwise we say that g is A-inextendible in V. (Notice that q is
ki,-extendible in V iff it is extendible in V.) By our assumption that domp N
(A — ky) # and by the definition of P, every member g’ of V is included in
A-inextendible member q of V such that g | A = q'| A. It is also easily seen that if
q and § are A-inextendible members of V and g|A =g|A then dom’q =
dom’g. Let pCsCq'€V and q'| A = s|A, where s is not necessarily in P,
then by what we have just said there is a A-inextendible ¢ € V such that
pCsCqandq|A =q'| A =s]|A and dom’q does not depend on the particular
such g which we choose. We define a function x* on |q — s| by requiring
x*(0), x°(1),- - - to be the members of dom*(q — s) ordered in the right lexico-
graphic order.

For g € V and some subset T C{B|q U{{a(q), m(q), B)} € V}, we shall say
that T has measure 1 if it belongs to the ultrafilter ®,.

For s such that s = s’ U g’ where ¢'€ V,s'€ V| A and s’ D q'| A we say that s
reaches V if either s € V or else if for some m =dom x° the set A = {Bo] {B:]
{Bm-1| s U{(x* (), (x*(i))2, B:)| i <m}€E U} has measure 1} - - - has measure 1}
has measure 1. Notice that if A has measure 1 and m <m’= dom x° then also
AT has measure 1. This follows from (P8) and (P9).

LemmA 5.5. If A,k and {p, U) are as above and {p, U) E T, then there is a
V C U such that {p, V) € P; and for every member q of V and s € V | k such that
s2qlk sUq reaches V.

Proor. First we shall define subset U’ of U so that forevery s € U’|A,p U's
reaches U.

We put p in U'. Then if q¢' € U is such that q'=~p we put also ¢’ in U’
Suppose now that q is already in U’ and q |k Up reaches U. Let (a,m)=
(a(q),m(g)). f o =k then we put also q U{{a,m,B)} in U’ provided q U
{{a, m, B)} € U. Let now a < k. By our assumptions a must be less than A. Set
F={v<a| pUq|k U{{a, m,v)} reaches U}. Let us suppose that F has
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measure 0. Then the set F'=« — F has measure 1. Put g,=q|A Up and
n = domx*. Notice that by the definitions of x° and 2.3

x qUam, v} x doIiem, v} and x qoU{(a,m, v} , n=x%

for any v, vy, v, < . We shall now define by induction on i a sequence (g, | i = n)
such that dom’(g;) = dom®(qo) U x%(i), g reaches U and for all v € F’, g, U
{{a, m, v)} does not reach U. For i = 0, q, is defined and is as required. For i <n
by the induction hypothesis g; reaches U hence we have {8 ¢ U{{((x%(i)),,
(x%(i));, B)} reaches U} has measure 1, while for each v € E', g, U{(a, m, v)}
does not reach U and therefore {B| q U{{(x*(i)), (x%(i)), B), {a, m, v)}
reaches U} has measure 0. Since | F'| = a < k and the ultrafilter corresponding
to {(x%(i));, (x%(i)).) is k-complete (as (x%(i)),= k and {p, U)E T.,) the set
T={B] q U{{(x%(i)), (x®(i)), B)} reaches U}—U.cr{B] q U{{(x*(i)),
(x%(i)), B), {a, m,v)} reaches U} has measure 1. Let vy €T and set g, =
q: Y {{(x%(i)), (x%(i))s, ¥)}; qi+1 is as required. We have, therefore, that g,
reaches U, and since dom’q, = dom®q, U rng x* we get, by the definition of x°,
that ¢, is 2 A-inextendible member of U. Since ¢ A = qo|/A = ¢.|A and q is
A-inextendible we have dom?q = dom*q.. Since (a(q), m(q)) = (@, m) & dom®g,,
we get (a(q.),m(g.))=(a,m). By (P8) and (P9) we have that {y <a«|
gn U{{a, m, v)} € U} has measure 1, hence {v < a| ¢g. U{{(a, m, v)} reaches U}
has measure 1, while for v € F’ we have that g, U {{a, m, v)} does not reach U,
which shows that F’ has measure 0 and F has measure 1. We put now in U’ all
qU{{a,m,v)} such that qU{{a,m, ) e U and veEF (e,
pUq| A U{{a, m,v)} reaches U). Thus we have for this ¢ U{(a, m, v)}, p U
(qU{{a,m,v))| X =pUgq|ArU{{a, m,v)} reaches U since v € F.

We shall now see that if g € U and q|A € U’|A then q € U’. We shall
construct an ascending sequence {(q; | i =), where go=p Uq |k, | =|q - qol,
g C g, |q: — qol = i (hence ¢ = q) and g; € U’ for i =l By the definition of U’
we have q, € U’ hence g, is as required. For i <[ let (o, m) = (a(q:), m(q:)) then
for some v < a, {a, m, v)E q —q; and we set ¢ = g U{{a, m, v)}, obviously
G¢i+1 € U. If @ = X then by the definition of U’, gi..: € U’. Now let us deal with
the case where a < A. Since q|A € U’| A there is a ¢’ € U’ such that g’'|A =
q | A. Since a < A, (@, m,v) E q| A = q'| A. Our definition of U’ can be viewed as
a construction of its members; let p’ be that member of U’ which occurs in the
construction of q’ exactly by the addition of (a, m, ). Since q'|A =q|A and
gi+1C q we have p'| A = qi.1| A. By the property of U’, since p'€ U’, pUp'|A
reaches U, hence p U gi.:| A reaches U. By our construction of U’ since q; € U’,
¢+ €U and o <A we get g.EU'".
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As a consequence, if ¢ € U’ then p U q | A reaches U’, since any member of U
obtained from p Ugq|A by adding triples {a',m’, B') with a’>A, is also a
member of U’

We shall show now that (p, U") € P,. As it is easily seen, (p, U) satisfies the
conditions (P1)-(P5), (P7)-(P10) show that also (P6) holds. Let 1,4 € U’, g2~ p
and q,Ugq.€ P,. Construct an ascending sequence (v; |i=1) where vo=
gl kiUga, 1=]q1Uqz— 0|, v Cq1U Q2 |0~ vo| =i (hence v =qs Uq.) and
v € U’ for i = 1. By (P6) and (P7) for (p, U) we have v, € U and, hence by the
definition of U’, v, is also in U’. For i <! let (@, m)={a(v;), m(v;)) then for
some v<a, {a,m,v) is in g1Uqz—v. Set vi.i=1vU{{a,m, v)}, obviously
v, € U. If @ = A then by the definition of U’, vi.: € U'. If @ <A then since
(@, m, v) € q, which is in U’ we have p U ((v:+1 0 q1)| A) reaches U. Hence by
(P6) for U, pUuvi.|A also reaches U and by the definition of U’ then
Vis1= 0 U{{a, m, v)} is in U".

‘We shall now construct the main set V C U’. Whenever we put a g € U’ into
V we shall also verify that for every s € U'| A such that s D q | A, ¢ Us reaches
U’. First we put in V, p as well as every q € U’ such that q = p. For such a g,
g=pUgqlki=pUq|ACpUs (for any s € U’'| A such that s 2 q|A) hence
q Us = p Us reaches U’ by the property of U’, thusq Us reaches U'. Assume
now that g € U’ is already in V, that for every s € U’ |Asuchthats Dq|A,qUs
reaches U’ and that q is extendible. Let (o, m) = {a(q), m(q)). If « = A then, by
our assumption, & = k. Since > A, g Us isnota A -inextendible member of U’
hence dom x % >0 and x?%*(0) = (&, m). Since q U s reaches U’, B, = {B < « |
q Us U{{(a,m, B)} reaches U’} has measure 1. Since there are less than A
functions s as above and the ultrafilter corresponding to (@, m) in qUs is
k-complete (since « = k and (p, U)E Ti) we have B ={B < a| for all s as
above q U s U {(@, m, B)} reaches U’} has measure 1. For each B € B we put
q U{{a, m, B)} in V. The required property holds obviously. If « <A then let
qU{{a,m,B)} be in V if it is in U’ Then if s€ U’'| A is such that 52
(g U{{a,m, B[ A = q| A U{{a, m, B)}, by the assumption on g, s U q reaches
U’ and s Uq =5 Ugq U{{a, m,v)}, hence s U(q U{{a,m, v)}) reaches U'.

We shall show now that (p, V) satisfies the condition (P6), as it is easily seen
that it satisfies all other conditions for being in Ps. Let q,,¢.€ V, .= p and
q:U q: € P,. We shall construct an ascending sequence (v |i =1) where v, =
g1l kiUgs, 1=|q1Ug—vol, uCq1Ugs [i—vo/=1i and v, €V for i=1
Notice that ¢, U ¢, € U’ since (p, U’) € Ps. By (P6) and (P7) for (p, U") we have
v, € U' and hence by the definition of V, v,€ V. For i <[ let {a,m) =
(a(v), m(v;)) then for some v<a, (a,m, v) is in qUg.—v. Set vi.,=



82 M. GITIK Israel J. Math.

v: U{{a, m, v)}, obviously v.,€ U’. If a <A then by the definition of V,
0.1 € V.If @ = A then forevery s € U’| k such that s D (g N v.)[A, s U (v Nqy)
reaches U’. Let now some s € U'| k' is such that s D v;,,|A. Then s U v, =
s U (v N q,) reaches U’. Hence by the definition of V| v,,, is in V.

Now we shall show that forevery g € Vands € V |k suchthat s D q |k, s Ug
reaches V. Suppose not. Then we shall find g € V and s € V |k such that
s D q |k, s Uq does not reach V and the pair (|s|k,— q| k.|, |dom x**|) is the
least for such s, g in the lexicographic well ordering of w X w, where x "7 is used
for U’ and it is defined since s Uq reaches U’ and hence there is g’ € U’,
q' D s Ugq. Notice that if s |k, # q | k, then since (p, V)E P5, q'=qUs |k, €V
and s Uq'=sUgq does not reach V. So s|k,=q |k, [domx*“?|>0 since
otherwise by the definition of V, sUgq is in V (since s|k,=q]|k;,
dom(s — q)C A and q € P,) but a membdr of V always reaches V. Hence since
s U q reaches U’, q is extendible. Let {a, m) = {(a(q), m (g )). If @ <k, then since
s Ugq reaches U’ there is a ¢’ € U’ such that ¢'D s Ugq and hence g’ 2 q" =
q U{{a,m,s(a)(m))} € U'. By the definition of V, g"€ V. But g"Us=q Us
which does not reach V. Hence a must be greater than or equal to k. By (P8)
and (P9) the set B = {B | gs = q U{(a, m, B)} € V} has measure 1. But for every
B in B, q I k=g I k C s and hence by our assumption on s and g, s U g, reaches
V.So {B ,s U g U{{a, m, B)} reaches V} has measure 1. But then s U q reaches
V. Contradiction. O

LeEMMA 5.6. Let A", k be as in the proof of Theorem 5.4, let o denote z € y and
let {p, U) be a forcing condition stronger than r, as in the conclusion of Lemma
5.5. Then there is a condition {(p, U,) = (p, U) such that the conditions (1) and (2)
below hold:

(1) for every s € Py~ such that s 2 (p, U.)| A" and dom(s), C dom p U supp z,
if q1,q9.€ P, are such that dom’q,=dom’q,, q:|domp, q.|domp € U, and
q:| A" =qz| A" =(5), then there is a set Vi such that V,|domp C U, and
(g1, V)| o iff for some V., such that V,|domp C U,, (q., V)| 0, and (q:, Vi)l o
iff (g2, V)& o,

(2) if some forcing condition (q,, Vi)=(p,U,) forces o (or — o), then
(q1, VY| A" U(p, U,) forces o (or 1 o), and if q' € P, is such that dom’q’ =
dom’qs, q¢'|A*=¢q.|A" and q'|domp € U, then (q,, V)| A*U'(p, U.)IF o (or
o).

Proor. (1) Let s€ P,+, s=(p, U)| A" and dom(s), C domp U supp z. For
some q € P, such that domq = doms Udomp, g |domp € U, q [A* =(s),and q
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is A *-inextendible. Let x* be the function which enumerates dom’q — dom’p —
k X w in the right lexicographic order. Set n = dom x°. Denote by ‘o, for j €2,
the statement o if j =0 and o if j =1.

The arguments below are similar to the arguments in the proof of Lemma 5.1.
Notice that if § € U is such that g |A* C(s),, then there is a q' € P, such that
q'2§, q'|domp € U, domgq'=domp Udom(s), and q'|A* =(s),. Since by
Lemma 5.5, gU(s)|domp reaches U, hence there is q"€ U, ¢"2
g U(s);|domp and q"| A" = (s);|dom p. Now by Lemma 2.7 we get q' D q" as
required. For every i<n put F ={G€ U{ dom?*q— (dom’p Uk X @)=
x*(i+1) and G| A" C (s):}. Define the functions F, on F; (for i < n) as follows.
F.(G)=1 if {Bis1]| {Biv2| - - {Bu-1] there is V such that {(s),Uq U UL (x()),
(x())2 B i <j <n}, V)is a forcing condition stronger than both {p, U) and s
which forces 'o’} has measure 1} - - - } has measure 1} has measure 1 where [ <2
and g€ F. F(G)=2 if {Bis1] - -{Bn-1| there is no V such that {(s),Ug U
UG, () B)| i <j<n}, V)is a forcing condition stronger than both
(p, U) and s which forces either o or —1 o} has measure 1}- - - } has measure 1}
has measure 1.

Similarly as in Lemma 5.1 we shall define FiCF, for i <n. Using k,-
completeness of the ultrafilters ®, and ®,., for « = k, and Lemma 5.5 find a
subset F of F, which has measure 1 and is homogeneous for the function F, (i.e.
for all §,, > € Fi, Fo(g:) = Fo(§)). For 0<i <n we put Fi={G € F,| there is
G’ € Fiy such that § 24’ and F.(q)=F.-«(q')}. It is easily seen that E is
homogeneous for the function F; (i < n). The definition of the functions F, and
Lemma 5.5 imply that for every g € Fi_, such that a(§)Z k, {8| § U{{a(3),
m(q), B} E F} € D,.

Set £, = U {I:"’,l I < n}. Now we are ready to define the main set U, C U. Put
in U, p as well as every p’ € U such that p’=p. Let now ¢ € U, and a pair
(a,m)={a(q),m(q)). If « = k then put g U{{a, m, v})}in U, if for every s € P,+
such that dom(s),Cdomp Usuppz, s=(p,U)/A" and (s:2DqlA",
q U{{a, m, v)} € F.. Notice, that since there are less than (2* )<k s as above
and the ultrafilter corresponding to (@, m) is k-complete (since @ = k and
(p, U)E€ T.) we have that {v| q U{(a, m, v)} € U,} has measure 1. In the case
a <k we put qU{{a,m,v)}€ U, if g U{{(a,m, v)}isin U.

Verify that the thus defined pair (p, U,) is a forcing condition. The require-
ments (P1)-(P5), (P7) and (P10) obviously hold. By the conclusion above (P8)
and (P9) also hold. We shall prove (P6). Let q,,¢q.€ U,, g~ p and q, U g, € P,.
We shall construct an ascending sequence (g |i =1), where Go=q>Uq,| ki,
1=14:Uq:~ o, 4 Cq:U gz, |G~ ol = i (hence G =, Ugs) and g € U, for
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i =l By the definition of U, we have §,€ U,. For i<l let {(a,m)=
(a(gi), m(G:)), then for some v <a, (@,m,v)E q.Uq.— G and we set G, =
G U{{a, m, v)}, obviously q..,€ U. If a <k then by the definition of U,
gi+1 € U.. Now let us deal with the case where « = k. By the definition of U,,
since q;€ U,, for every s € P,- such that dom(s),Cdomp Usuppz, s=
p, U2 and ()2 q:1N G, ¢ N G U{{a, m, v)} € F. If for such s, (s); 2 g, then,
by the definitions of F, and F), for i<n, and since q:NG =G, 1=
G U{{a, m, v)} € F.. Hence §i., € U..

Let now gy, g, € P, be such that dom’q; = dom®q,, q,|domp, q,|domp € U,
and q;|A*=¢q.|A*=(s), for some s€& P,~ such that s=(p,U,)|A" and
dom(s); C dom p U supp z. Then q;|dom p, q,|dom p € F,. The homogeneity of
F. and Lemma 3.3 imply that for some V,, V,|domp C U;{(q:, V) o (or o) iff
for some V,, V,|domp C U, (q;, Vo) o (or o).

(2) Let some condition (q,, V)= {p, U.) force o (the case with —1¢ is
similar). We can assume by Lemma 3.3 that domgq,=domp Usuppz. Set
s ={q, V)|A". If t =sU%(p, U,)¥ o then some condition (q., V) stronger
than ¢ forces — o and again by Lemma 3.3, we can assume that domg,=
dom p Usupp z = domq;. Therefore g,/ A" € (s). and hence there is g;€ V,
such that g;]A* = q.| A" and dom®q; = dom®q,. Then by (1) there is a set Vs,
Vi|domp C U, (g3, V3) I o. But it is impossible since the conditions (g3, V3) and
(q:, V1) are compatible. Hence ¢t = s U%(p, U,)IF 0.

Let qg'€ P, be such that dom’q’'=dom’q;, q'|A"=q.|A"=(s), and
q'|domp € U.. If t'=sU%(p, U,)¥ o then let {(q", V") be any stronger condi-
tion which forces — ¢ and domq” = dom g, (by Lemma 3.3, as above). Since
q"|A* € (s),, there is a § € V, such that §|A*=4q"|A* and dom’§ = dom®q".
Then by (1) there is a set V such that V |domp C U, and (g, V) —1 0. But it is
impossible since {4, V)and (g1, V1) are compatible. 0

ProoF OF (*). Let (p, U)E T. be a condition stronger than r, which satisfies
the conclusion of Lemma 5.5. For every z €domx find by Lemma 5.6 the
condition {p, U,)= (p, U). Put V =[{U, |z € domx}. We shall prove that
{p, V) is a forcing condition. By the definitions of U, (z Edomx), p € V and if
g€ U and q =p then q is also in V. Let g € V and (a, m) = (a(q), m(q)). If
a <k then, again, by the definitions of U, q U{{e,m,v)} €V provided
gU{{a,m, )€ U. If a = k then

{rlqu{la,m,v)}e Vi= N {v|qU{{e,m v)}EU.}

z&domx

and it is the intersection of less than A" sets of measure 1, hence the set of
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measure 1, since each {p, U,) € T.. Now we shall show that (p, V) satisfies (*).
Let z&edomx, s€P,+, s=(p, V)|A" and suppz Cdom((s),). Note that
s/dom(p) € U.. Let ¢, € P, be such that q,|A" =(s), ¢q:|domp € V and
dom g, = dom p U dom((s),). Find by Lemma 5.1 a condition ¢t = sU%(p, V)
which decides z € y, and which satisfies the conclusion of that Lemma. Set
s'=t|Ar%,q=(t). Then s’= s, dom((s');) = dom((s );), by Lemma 5.1 (s'): = (s )s
and by Lemma 5.6 s'U%(p, V)||z € y.

Let now some s’ € P,- satisfies requirements (1)-(4) of (*). Let q1,q. € P, be
such that q,|A"=¢q.|A"=(s'), and q:|domp, q.|domp € V. Suppose that
L=s'Up, VikzE€y and t,=s'U%{p, VYK 2Ey Find =1, ;- z&y We
may assume that dom((t;);) = dom p U supp z = dom((t,):). Extend g, (z5): until
q',q5 so that g1 € (t:)s, 1€ (t)2, q1| A" =q5| A" and dom’qi = dom®q}. Then
(g5, {t€ ()| tD2qiPHFzEy and (g3, {t €E ()| t D qi}+2zZ y. But this con-
tradicts Lemma 5.6. Hence t;IF z € y. O

[0 of Theorem 5 4.

6. What can happen without the axiom of choice

First we return to Specker’s {) (for the definition of Q, see the Introduction).
In the model Ng of ZF ‘Q=0n" holds by Lemma 3.4. To obtain a model of
Q=w,.fora €E0nlet A = :fl, i.e. A is the (a + 1)st cardinal of Ng. One can
verify using arguments similar to those of Theorem 5.3 (but much simpler) that
N, is a model of ) = w..:. Note that to obtain Ns, we need only an initial
segment of the sequence (k, | v € On) of all strongly compact cardinals. Thus for
the consistency of ) = w,.; we need the strongly compact cardinals (k, | v < ).
In particular, for « =2 we need only one strongly compact cardinal or the
weaker assumption that there is cardinal k which is k *"-strongly compact for
every n < w. To obtain the consistency of (} = wq we start from the assumption
that there is a regular cardinal k which is a limit of < k-strongly compact
cardinals, where « is said to be < k-strongly compact if for every g8 <k, « is
B-strongly compact. We define P,, P,, P, only below k. The model N, thus
obtained has the required property. This establishes the following theorem:

TheoreM 6.1. (1) If ZFC+‘(Va €0n)(3k >a k is a strongly compact
cardinal)’ is consistent then so is ZF+ Q= 0n.

(2) If ZFC+ ‘there is regular cardinal k which is a limit of < k-strongly
compact cardinals’ is consistent then so is ZF+ Q = wq.
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(3) If ZFC+ ‘there are « strongly compact cardinals’ is consistent then so is
ZF + Q = w,., (Where a is given by an absolute definition).

DEerFNITION 6.2, (Specker [10]) Let G, =the class of all countable sets,
G_. = the class of all countable unions of sets from U{G;|B <a} and G, =
G.-U{G;|B <a}. Put G =U{G.|a EOn}. For a set a € G let grada be
the least a such that a € G.

As is easily seen V = G which asserts that every set has a grad implies Q = On.

THEOREM 6.3. (1) Ng k= ‘every set is a countable union of sets of smaller
cardinality’.
(@) NoEV=0G.

Proor. (1) For a well orderable set the theorem follows from Lemma 3.4.
Let now A € N; and Ng F (there is no well ordering of A). Let A be a
symmetric name of A. Then for some a C Reg and A € Reg, suppA C a and
U{suppx | x Edom A} < A. Put for b € [A]"* dom B, = {x Edom A | suppx C
b} and B, (x) = 1rop,. For every 7 € H, and x € dom B, mx € dom B,. Since H,
is the normal subgroup of the group of permutations, for every g € H,, w € H,,
m 'gm also is in H,, hence for x Edom B, (7 'gmw)x = x and g(mx)= mx. So
symB, D H, and {(b, B,)| b finite subset of A} € Ng. Find in M a bijection
f:A e A=“ Then {By,| y <A}E Ns. Let domB, = {x, [v < a}, sym{(# x,)
v < a}D H, Hence in Ng there is well ordering of B, for b € [A]™

Put Cs=A NU,By,, for §=A Find the least ordinal n such that
|C,|=]A]| If g is limit ordinal we are done. Suppose that = 1o+ n where 5o

is a limit ordinal and n < w. no = 0 is impossible otherwise A is well orderable.
Put Cj=A N(C U .5.Bjee+n)- Then C, = C!,. Choose in N a sequence
(v |n < @) such that U,.,v, =5, Then C, = U{C! |n<w}. If for some
£<mo, |A|=|C}t then we can do the same with C,_. Notice that since
£<1mp<8 and by our assumption A is not well orderable the axion of
foundation implies that this process must stop after a finite number of steps.

(2) Show that an A € Ng has a grad. Let the sequence (C;s | 8 = A) be as in (1).
Show by induction that for every a = A, C, has a grad. Suppose that for every
B < a, C, has a grad. By the definition of (C; |8 <A), Co = Ugc . Cs if a is a
limit ordinal and C, = C,- U (A N By+) if @ = a’ + 1. In the second case C, has
a grad since By, is a well orderable set in Ng and hence has a grad. For limit «
find in Ng an w-sequence (B, |n < w) with limit o. Then C, = U,.,C,, and
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each C; has a grad. Hence C, also has a grad. Now A = U,.;C, for some
8 = A. It follows that A has a grad. O

THEOREM 6.4. There is a generic extension of Ng in which every ordinal has
cofinality N, but there is an uncountable set A such that for every sequence
(Ai|i € I) which is increasing with respect to inclusion if |A;|<|A| for every
i€Iand A = U, /A then |I|Z|A].

Proor. Let C be the Cohen’s forcing conditions which break the axiom of
choice, i.e. C = {p| p is a finite function from @ X w X w into 2= {0, 1}} and C is
ordered by inclusion. Permutations on {(C, D) are defined as follows. Let 7 be
some permutation of @ X w such that if m(n, m) = (n',m')then forallm, n = n’
or for all m, n# n’, = generates permutation on (C, D)

dom(mp) = {{m(n,k),m)|{(n k,m)E domp},
m(m(n, k), m)=p(n k,m),

where p € C and n, m € w. Consider the symmetric extension N s of Ng which is
generated by the set of all H, = {m | w(n,m)=(n,m) for (n,m) € I} where [ is
some finite subset of w X w (for details see Jech [4], model X11). Let x,; =
{m€w| 3pe€G’) (p(n, k,m)=1)} where G’ is a generic subset of C. Let
X, ={x.x |k Ew}. Put A={X,|n€E w}. By Jech [4] A has the required
properties. 4

Speker [10] proved that gradw. = @ and grad(P(w,))= « + 1. Hence the
strongest statement in this direction which may hold is:

(K) For every ordinal a, P(w,) is a countable union of sets of cardinality N..

Speker showed that the consistency of (K) implies the consistency of (V = G).
By means of a proof similar to that of Theorem 6.3 one can show that if (K) is
consistent with ZF then (K) does not imply V = G in ZF. By the next theorem
V = G does not imply (K) in ZF. But is (K) consistent with ZF? It seems that to
prove the consistency of (K) with ZF we need some much stronger assumptions
concerning the existence of large cardinals.

THEOREM 6.5. (1) Ng k(2" is not a countable union of well orderable sets).
(2) Ng E(grad(2™) = 2).

Proor. (1) Suppose that 2% = \U{B, | n < w} and each B, is a well orderable
set in Ng. Then for every n < w there is a finite set a,. of regular cardinals (in M)
such that for every x € B,, symx D H,, . One picks a. as the support of a one to
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one function from an ordinal onto B, and easily verifies that for x € B,,
symx D a.. Let f be a symmetric name of the set (B, | n < w). Define the name g
for the sequence (a. |n < w) as follows:

domg = {(f,suppa)’|(n,a)Edomf} and g((A suppa)’)=f(#a).

Since suppg Csuppf, g is a symmetric name. So (a, |n < w)E Ng. Find an
ordinal « such that N = <k, = NT‘G, a is a regular cardinal in M and there is
no n < w such that a € a,. There is such an « since {U{a, | n < w}is a countable
set in Ng. Let x € Ng N P(w X w) be a well ordering of w by the order type «
which is obtained from the generic function G [{a}. Put y =j"(x) where
j:w X @< w Thensuppy ={a}and if z € P"o (w) is such that « & supp z then
NgEy#z since Gl{a} is a generic subset of P;[{a} in the model
M[G"(supp z)] C No. Thus y # z for all z € B,, n < o, contradicting U, ., B, =
P(w).

(2) For every b €[k, let domB, ={x| domx C & and suppx C b} and
mg B, = {lrowy}. As in Theorem 6.2, 2%C U{B,| be[k]™}. Set G =
2N U{B,| beE[8]=} for 5=k, =N,% In Ns each C, for §<k, is a
countable union of countable sets. Hence by (1), 2% # C; for § < k,. So2% = C,,.
The cofinality of k, in Ng is No. Hence 2™ is a countable union of sets of grad 1.
Again (1) implies that grad(2") = 2. O
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