
ISRAEL JOURNAL OF MATHEMATICS, Vol. 35, Nos. 1-2, 1980 

ALL UNCOUNTABLE CARDINALS 
CAN BE SINGULAR 

BY 

M. GITIK 

ABSTRACT 

Assuming  the consistency of the  existence of arbitrarily large strongly compact  
cardinals, we prove the consistency with ZF of the  s ta tement  that every infinite 
set is a countable union of sets of smaller cardinality. Some other  s ta tements  
related to this one are investigated too. 

O. Introduction 

It is well known that the axiom of choice implies that a countable union of 

countable sets is countable and that for every ordinal a N~+I is a regular cardinal. 

Without the axiom of choice the picture is quite different. 

Levy [6] proved that it is consistent with ZF that 1~ is singular. This leads 

naturally to the problem of generalizing Levy's result to all ~ ' s .  The purpose of 

this paper is to show that such a generalization is possible if one is ready to allow 

for the consistency of some large cardinals. 

The exact statement of our main theorem is: 

THEOREM I. I f  Z F C +  '(Vo~ ~ On)((3k > ~) (k is a strongly compact cardi- 

nal))' is consistent then Z F +  '(Va E 0n)(cfN~ = n0)' is consistent too. 

It is known that the consistency of Z F +  '(Va ~ 0n)(cfN. = No)' cannot be 

proved without assuming the consistency of the existence of some large 

cardinals. Jensen's Covering Theorem [1] implies that if both I~1 and ~2 are 

singular then 0 * exists. Recently Jensen and Dodd [2] were able to show that 

under the same assumption, one can obtain an inner model with a measurable 

cardinal. The large cardinals assumption which we use here is much stronger. 

Even to make only 1~1 and 1,12 singular we need a cardinal k which is ,~-strongly 

compact for every h < k +~, where k +~ = k, k +~"+1) = (k+") + and k +'~ = U.<,~ k +". 
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Following Specker [10], let us consider the class 1"~= {a E~0n I(V/3 _-< a )  

(/3 = 0 v (::13,) (/3 = y + 1) v there is a sequence (yn I n < to) such that for each n 

3,, </3 and/3  = U,<,~yn). 
As Specker has shown exactly one of the following alternative hold. 

(1) o = On, 

(2) 11 = toa, 

(3L 11 = to=+,, where ~ is an ordinal. 

Levy and Feferman [6] constructed a model in which ~ =  to=. Levy [7] 

obtained some interesting consequences of (3). If 11_D to3, then Jensen and 

Dodd's  surprising results in [2] show that there is a measurable cardinal in some 

inner model. Using some large cardinal assumptions, we prove that each one of 

the alternatives (1)-(3)~, for any ordinal ~, can hold. Using the same construc- 

tions we get the following: 

THEOREM II. I[  Z F C +  '(Va E 0 n )  (3k > ~ )  (k is a strongly compact cardi- 

nal)' is consistent, so are 
(a) ZF + 'every infinite set is a countable union o[ sets o[ smaller cardinality '. 
(b) Z F +  I~ = On + 'there is an uncountable set A such that for every sequence 

(A, I i ~ I), which is increasing with respect to inclusion, if I A, I < I A I for every 

i E I and A = U,~xA,, then I II >= I A I'. 

Let us give a brief outline of the proof of Theorems I and II. We first extend 

the universe V by a filter G generic over a proper  class of forcing conditions 

which are similar tO those of Prikry [8[. In the universe V[G] thus obtained all 

regular cardinals of V, and hence all cardinals, become ordinals of cofinality to. 

V[G] satisfies all the axioms of ZFC except for the power set axiom. Inside 

V[G] we construct a symmetric model NG by the method described in Jech 

[4, 5]. The well ordered cardinals of No are exactly to, all the strongly compact 

cardinals of V and their limits. Every such cardinal has cofinality to in N~. Also, 

in this model every infinite set is a countable union of sets of smaller cardinality. 

To obtain a model which satisfies (b) of Theorem II, we add by forcing an 

amorphous set A to this model (i.e. a set A such that if B _C A then I B I < No or 

IA - B I <1%). 
I am grateful to E. A. Palujtin for supervision of part of the work. I would like 

to thank Professor Thomas Jech for pointing out errors in an earlier version. 

Most of all, I wish to express my gratitude to Professor Azriel Levy and 

Professor Menachem Magidor, for the many fruitful conversations we had and 

for their patience and their suggestions during the time this work was being 

completed. 
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1. The basic model 

A cardinal k is called strongly compact if every k-complete filter over any set 

S, IS I --> k can be extended to a k-complete ultrafilter over S. 

Let M be a countable standard transitive model of Z F C + ' ( V a  COn)  

(=lk > a )  (k is a strongly compact cardinal))'. Assume without loss of generality 

that there is a binary relation W on M which is a well ordering of M and such 

that in the structure (M, E ,  W) the axiom of replacement holds for all formulas 

of the language with the relation symbols E and W. This is a well known result 

the proof of which can be found, for example, in Feigner [3]. 

Without loss of generality we can assume that there is no regular cardinal in M 

which is a limit of strongly compact cardinals. If such a cardinal exists, then it is 

inaccessible and let A be the least such cardinal. Consider the set M ' =  

{x E M ] rank x < A}. M'  is a model of ZFC (see, Jech [4]) and has the required 

properties. 

Let (k~ ] a ~ 0n~ be the increasing sequence of all strongly compact cardinals, 

where ko = N0. 

DEFINITION 1.1. Let a be a regular cardinal, then 

(1) a is said to be of type 1, if there is a greatest strongly compact cardinal 

k =< a. We shall write in this case cf 'a = c~. Let ~ be the least k-complete 

uniform ultrafilter over ct in the well ordering W of M, if k > Mo and if k = 1~o, 

l e t ~ = { X C a [  [ a - X  I < a } . B y q b  being uniform we mean that i f X ~ ,  

then I XI = a. 

(2) a is of type 2, if there is no greatest strongly compact cardinal _<- a. Let 3' 

be the cofinality of the greatest cardinal /3 _-< a which is a limit of strongly 

compact cardinals. We shall denote this 3, by cf'c~. 

If an a of type 2 is regular then, as we assumed, o~ is not a limit of strongly 

compact cardinals, hence cf'o~ < a. Let (k71 u < c f ' a )  be the least ascending 

sequence of strongly compact cardinals ~ kl such that /3 = U{k71 u <c f ' a} .  

Denote  by ~ . v  the least kT-complete uniform ultrafilter over a. 

2. The forcing conditions 

For any class R we denote { x l 3 y ( y , x ) E  R} by rngR,  {x l : : l y (x ,y )~  R} by 

d o m R  and {(x, y)13z(x,(y,z))E R} by dom2R. Let R(x)={yl(x,y)~R}, 
n"(x)={R(y)lyEx}, R I z = { ( x , y ) E R I x ~ z } .  Identify (x,(y,z)) with 
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(x, y, z)  and let ((x, y))~ = x, ((x, y))2 = y. 

DEFINITION 2.1. Let P1 be the class of all finite subsets p of Reg x to x On 

(where Reg is the class of all regular cardinals), such that for every a E domp,  

p(a )  is a 1-1 function from some finite subset of to into a. 

We wish to change the cofinality of every regular cardinal to to. Hence to 

construct generically an to sequence cofinal in such cardinal, an element of P1 

will be used as a partial information on such sequences. (For all a ~ domp,  p(a )  

gives partial information on such a sequence.) 

For pl, p2 E P~ we write pl --- p2 if p~ l (On - k 0 = p~ I (On - k,). 

We shall now define P2 which is a subclass of P~, dense in PI in the natural 

partial order. The reason we restrict ourselves to P2 is mainly technical. 

DEFINITION 2.2. Let Pz be the class of all p such that: 

(1) p ~ P~, 

(2) for every a ~ domp, cf 'a ~ domp, 

(3) for every a E domp,  dom(p(cf 'a))_3 dom(p(a)) ,  

(4) let {a0," �9 ", a,-~} be the increasing enumeration of d o m p  - kl. There are 

m, i E t o ,  m _ - > l , j _ - < n - 1  such that d o m ( p ( a k ) ) = m + l  for every k < i  and 

dom(p(ak))  = m for every/" =< k < n. This m and ] are obviously unique for p, 

therefore we put re(p) = m, a(p)  = cq. ((a(q), m(q))  is the point we have to fill 

first above k~ if we want to extend q.) 

As a result of requirement (3) and (4), we see that for p ~ P2 there is q E P2 

such that dom2q = dom2p U {(a (p), m (p))} iff cf 'a (p) = a (p) or cf 'a (p) < a (p) 

and (cf 'a(p),  m ( p ) ) E  dom2p. We call the member  p of P2 with this property 

extendable. Notice that by (4) if cf'a(p)=> kl then p is extendable. Using P2 (or 

equivalently P1) as the set of forcing conditions, will generate for each a ~ Reg a 

collapsing function from to onto a. We have to be more careful. Prikry's 

conditions for changing the cofinality of a measurable cardinal to to attend this 

problem by attaching to each condition an element A C_ k. A is a member  of a 

fixed normal ultrafilter on k. The new conditions have the form (p, A )  where p 

is, as before, partial information on w sequence cofinal in k and A is the set of 

possible candidates for extending the sequence. The fact that the ultrafilter is 

k-complete is used heavily in the proof that no cardinals are collapsed. 

We can give up the condition of normality in the Prikry conditions if we allow 

A to be a set of possible extensions of P. The condition A ~ U is replaced by a 
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condition requiring that for every q E A we have "many"  possibilities of 

extending q in A, namely {/3 [qn{/3}E A } E  U. 

(Compare condition P5, P8, P9 below in Definition 2.3.) 

Now suppose we want to change cofinality of every regular cardinal between 

kr and kt+,. We can take some kind of product of Prikry type conditions, where 

for each ~ E Reg fq (k~+l - k~) we use for U ~ which is a uniform k~-complete 

ultrafilter on a. 

The k,-completeness is used to show that there was too much damage done 

below k~. For attacking every regular cardinal we have to take some kind of 

product of these forcings, using for each a the last strongly compact cardinal (if 

there is such, namely c f ' ( a ) =  a) .  

a such that c f ' ( a ) <  a present a special problem, since we cannot find an 

ultrafilter on a which will be complete enough so that not too many cardinals 

below a are collapsed. The method of changing cofinalities of such cardinals 

without collapsing cardinals below was suggested to us by Menachem Magidor. 

We take care of such a ' s  by picking a sequence of uniform ultrafilters on a 

(namely qbo.~) each of them having larger and larger degree of completeness. 

Namely, if p(a) is going to describe the to sequence cofinal in a, and p(a)(n) is 

defined yet we want the set of possible candidates for p(a)(n) to be in ~,~n for 

some un, we want the vn to be cofinal in cf '(a),  so that essentially for n large 

enough any degree of completeness below Sup{k 71 v < cf'(a)} will be achieved. 

That is a little bit difficult to get since cf ' (a)  may be greater than to, but we do 

try to make it of cofinality to as well, so we do have partial information on an to 

sequence cofinal in cf ' (a)  and we are going to use this information by picking v, 

to be the nth member of the sequence cofinal in cf '(a).  (See condition P9.) 

That explains why we wanted in Definition 2.2 condition (3) that 

dom(p (cf'a))_~ dom(p (a))  because before we go on with the sequence we want 

to know the sequence for cf ' (a)  at least for that length. 

DEFINITION 2.3. A member  of P3 is a pair (p, U) which satisfies requirements 

(P1)-(P10) below. 

(P1) p E P2. 

(P2) U is a subset of P2. 

(P3) p E U. 

Before listing the additional requirements, let us explain the meaning of the 

conditions. (p, U) is a condition similar to those used by Prikry [8]. (p, U) is such 

that p gives partial information on G, and U restricts the choices of additional 

information to members of U. 
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(P4) For every q E U, q D p  and domq = domp. 

(P5) For every q E U such that q ~ p ,  if (a, m)E  (kl n d o m p ) •  oJ -  dom2q 

then {/3 I q U (a, m,/3)} ~ U} E O,,. 

(P6) For every ql, q2 E U if q2 ~ p and ql U qz E P1 then q~ U qz E U. 

(P7) For e v e r y q E U a n d a C k ,  x o ~ x k ~ , p O ( q n a ) E U .  

(P8) For every q E U if cf'(q) = a (q )  (where a (q)  is defined in Definition 2.2 

(4)) then {/3 Iq U{(a(q),m(q),/3)}E U}E Cb,xq ). 
(P9) For every q E U  if cf 'a(q)<a(q)  and m(q)Edom(q(cf'a(q))),  

{/3 I q O {(a(q), m (q),/3)} E U} E lff~a(q),q(cf'a(q))(m(q)). 
(P10) If q E U and q ~ p  then there is a unique triple (a,m,/3) such that 

q'  = q - {(a, m,/3)} E U and (c~, m ) = (a(q'), m (q')). We shall denote this q'  by 
q-. 

An extension of (p, U) which does not change dora(p) will be of the form 

(q, V) where q E U and V_C U. Conditions (PS)-(P10) guarantee that rich 

enough collection of q's in U. For instance, (P5) claims that practically any 

additional requirements we want to add to p and which refer to cardinals below 

k~ can be added to p and shall keep us in U. 

(P6) claims that if we extended p as above just by information below k,, then 

this information can be added to any other condition in u provided it is 

consistent with this condition. 

(P8) and (P9) deal with extensions above k~. 
If q E U we know that (a(q), m (q)) is the first point that has to be filled above 

k~. (P8) and (P9) claim that there are many possibilities to extend q to 
(a (q), m (q)). Namely, the set of these possibilities is the appropriate ultrafilter. 

(P7) and (P10) claim that U is closed under certain restrictions and thus 

certain "holes" in U are avoided. 

From now on whenever q E Pz is extendible, we shall denote the appropriate 

ultrafilter given by (P8) or (P9) with ~q, i.e., if c f ' a ( q ) =  a (q)  then qbq is qb~q) 

and if c f ' a ( q ) <  a(q), then q)q is ~q)..~c~,~q)• 

LEMMA 2.4. If (p ,U) EP3, then (pla, { t l a l t E  U}EP3 for every set a of 
regular cardinals such that if a E a then cf 'a  E a. 

PROOF. Conditions (P1)-(P4) hold trivially for (p l a, {tla It ~ U}). (P5) also 

holds since if q = t I a for some t E U and q ~ p I a then since (P7) holds for 

(p, U) we can choose a t such that t ~ p. Then, since (PS) holds for (p, U), we 

obtain that { / 3 < a l t U { ( a , m ) } E U } E q b  for every pair ( a , m ) E  

(k~ n dom(p I a)) x to - dom2q. Hence 
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{/3 < a [q U{(a,m,/3)}E {t ' la [ t' E U}}~ qb~. 

Now we want to prove (P6). Let ql = tl[ a, q2= t2la where tl, t2E U and 

t2 ~ p. Since (P7) holds for (p, U), p U t2 [ a E U. If ql U q2 E P1, then tl U p U 

( t z [ a )Ee l  and hence, since (P6) holds for (p, U), t iUp  U( t 2 [ a ) E  U. 

( t lUp U(t2[a))[a = t, la U t2la = q~Uq2, i.e., q l O q 2 E { t ' l a  [ t 'E U}. 
Conditions (P7)-(P9) follow easily from the assumption that (p, U ) E  P3. 

Let us prove (P10). Let q = t [ a for some t E U. We can clearly assume that t 

is of minimal cardinality among those t E U for which q = t [ a. If q ~ p [ a then, 

obviously, t ~  p, hence t- ~ U. By the minimality of [ t [, t- [ a ~ q and hence, as 

easily seen, a (t-) E a and q-  = t- [ a. Thus q- E {t [ a [ t E U}, which completes 

our proof. [] 

LEMMA 2.5. If  (p, U ) ~  P3, t E U, then (t, U,)~ P3, where U, = {q ~ U[q D_ 

t}. 

PROOF. Conditions (P1)-(P4), (P8), (P9) hold trivially. Let us prove (P5). Let 

( a , m ) E  ( k l n d o m t ) x  to-dom2q,  for some q E U,, q =t. Let q' = q [ k~Up. 
Then since (p, U) satisfies (PS) we obtain that A = 

{/3 t q'  U {(a, m,/3)} ~ U} E @~. But (P6) implies that for every /3 E A, q U q' U 

{(a, m,/3)} E U hence q U {(a, m,/3)} ~ U, for every /3 E A ~ @~. 
Let us prove now that (t,U,) satisfies (P6). Let q~,q2EU,, q2~.t and 

q~ U q2 E P~. Let q~ = q2[ kl U p. Since (p, U) satisfies (PT) q~ E U. Clearly 

q~ U q~= q l U q 2 E  P2, hence since q ~ p  and (p, U) satisfies (P6), q, U q2 = 

qlUq'~E U. 
To get (PT), let q E  U,, a _ C k l x t o x k l ,  since (p ,U) satisfies (PT) p U  

( q n a ) E U .  Notice that t U ( p U ( q n a ) ) E P 1  since q_Dt_Dp. Since (p ,U) 

satisfies (P6) and p U (q n a ) ~ p we have 

t U ( q  h a ) =  tU(p U(q O a ) ) ~  U, 

s i n c e t U ( q n a ) _ D t ,  t u ( q n a ) E U , .  
To see that (t, U,) satisfies (P10) all we have to do is to notice that if q E U, and 

q ~ t then also q-  _D t, but it follows immediately from (P4) of Definition 2.2. [] 

DEFINITION 2.6. For p ~ P2 and b _D dom p such that b is closed under cf' and 

b _C Reg, p '  E P2 is called a b-extension of p if dom p '  = b and p '  I dom p = p. 

LEMMA 2.7. Let (p, U) E / 3 ,  b _D dom p, and b C_ Reg. Let p' be a b-extension 
of p and U' = {q' E P2I q' D_ p' and q' is a b-extension of some q E U}. Then 

(p', U') E P3. 
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This lemma follows directly from the definition of P3. 

LEMMA 2.8. If (p, U), (p, V) E P3 then also (p, U f3 V) U P3. 

PROOF. Note that for every q E U f3 V, if we can extend q on a pair (a, m) in 

U (i.e., ( a , m ) E d o m p  x t o - d o m 2 q  and for some/3 < a ,  q U{(a,m,/3)}E U), 

then we can extend q on (a, m) in V. The set of such extensions for U and for V 

is in the filter over a, so also the U f3 V set of extensions of q lies in this filter. 
This ensures that (p, U fq V) is a condition. [] 

DEFINITION 2.9. For (p, U), (q, V) E P3 we put (q, V)-> (p, U) and say that 

(q, V) is stronger than (p, U) and also that (q, V) extends (p, U) if V [ dom p C_ U, 

where V [ d o m p  denotes {t [domp It E V}. 

3. The main model 

DEFINITION 3.1. Let G be a group of permutations of Reg • to x On. For 
7 r ~ G  

(1) Idom(dom zr)l < N0, 

(2) for every a E dom dom zr there is a permutation ~r" which is defined on 

some finite subset of a such that for every /3 < a, n < to, 

~((a, n,/3)) = (a, n, zr"(/3)) if /3 E dom 7r", 

~'((a, n, /3))= (a, n, /3) if /3~domzr  ". 

If a is a finite set of regular cardinals then let Ha = {Tr E G [ Va E a, ~ ~ is the 

identity function on dom rr '~, if a E dom(dom ~')}. Obviously H,  is a normal 

subgroup of G. For ~" ~ G let P'~ be the subclass of P3 such that (p, U) E P"  if 

conditions (1)-(3) below hold: 

(1) domp _D dom(dom ~-), 

(2) for every a E dom p, dom(p (a)) = dom(p (cf' a)), 

(3) for every a E dom(dom ~), rng(p (a )) _D {/3 E dom 7r" I:lq ~ U, 

/3 E rng(q (a))}. Notice that not always does rng(p (a)) _3 dom rr". 

It can be easily shown, using Lemmas 2.5 and 2.7, that P~ is a dense subclass 

of (P3, --> ). 

For (p, U)E P~ define ~'((p, U)) to be 

(~-p, ~-U) = ((~-"(p [ dom(dom ~r))) U (p - p I dom(dom zr)), 

{(zr"(t I dom(dom zr))) U (t - t l dom(dom ~')) I t ~ U}). 
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LEMMA 3.2. The mapping rr of P~ just defined is an automorphism of 
(P", _-). 

PROOF. AS easily seen, it is enough to prove that (P9) holds for 7r((p, U)). Let 

q E U and cf'(a (q)) < a (q). If 1, = q (cf'(a (q)) (m (q)) ~ dom Ir c,,~tq~ then by (3) 

above 3' ~ rng(p(cf'(a(q)))) and since q _~ p and q(cf'(c~(q))) is a 1-1 function 

m (q) E dom(p (cf'(c~ (q))). By (2) above m (q) E dom(p (a (q))), hence m (q) 

dom(q(a (q)), but this contradicts the definitions of m (q) and a (q). Therefore 

3'~ dom 7r c~'~q). Hence {/311rq U {(a(Trq), m (Trq), /3) E zrU} _D {/3 ]q U {(a(q), 

re(q), [3)}E U } - d o m  ,r~ O#~(q~,,, since a (zrq)=  a(q )  and m(f rq )=  re(q). 

Also since 3'~ dom 7r ~'~q~, 3' = (Trq)(cf'(a(Trq)))(m(Trq)). [] 

Notice that, since P"  is a dense subclass of P3, 7r can be extended to a unique 

automorphism of the complete Boolean algebra B = RO(P3) (for the definition 

of RO see Jech [4]). We denote the extended automorphism with the same 

letter. 

Let G be a generic subclass of P3 and No the symmetric submodel of M[G] 

which is generated by {H, I a is a finite set of regular cardinals}. The construction 

of the symmetric models is given in Jech's books [4, 5]. For any x E M[G]  we 

shall denote by x a name of x in M, i.e. an element a of M such that K o ( a )  = x, 

where Ko is as in Shoenfield [9]. For a ~ Reg let P,, = {(p, U ) ~  P3 I domp C a} 

and G~ = G A P,. Then G~ is a generic subset of P~ and by Shoenfield [9], 

M[G] = U { M [ G ~ ] I a  E Reg}. It can be easily seen that M[G] satisfies the 

axioms of extensionality, pairing, union and infinity. Also notice that every 

M[G~] is a model of ZFC. 

LEMMA 3.3. Let ~(xl,  �9 �9 ", x,) be a formula, xl, . �9 x, E HS (HS is the class of 

all hereditarily symmetric n a m e s - - s e e  Jech [4,5]) and let a be a finite set of 
regular cardinals such that sym((xl,-- . ,  x,))D H,,, where sym x = {rr E C, l rrx = 

x}. Assume that for every a E a cf 'a  ~ a. 

I f  (p, U)LFdP(xl,... ,x,), then (p la, Ula) IFdP(x l , . . . , x , ) .  

PROOF. Suppose that (p la ,  U [ a ) ~ / ~ ( x , , . . . ,  xr). Then there is a condition 

(q, V) stronger than (p [ a, U[ a) which forces ~ ( x l , ' . . ,  x,). It is now enough to 

show that there are conditions (p', U'), (q', V') and an automorphism ~r E Ha 

such that (p', U')->_ (p, U), (q', V') => (q, V) and 7r((p', U')) = (q', V'); this will 

yield the required contradiction since we get (p', U')_--<B = 

1[~(Trx,,..., 7rx,)[[ B B_- > (q', V') ---<B - H ~ ( x I , ' "  ",x,)[[ ~ where =<B is the partial 

ordering of the Boolean algebra B = RO(P3). 
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We shall now extend (p, U) and (q, V) in several steps. First we shall extend 

(/7, U) to ~p*, U*) such that P*I a = q l a. Since (p I a, U I a)  _--- <q; V) we get that 

q l a E U l a  and hence q l a = t l a  for some t E U .  Let ( p * , U * )  be ( t ,{sE 

U I s  D_ t}). It is condition by Lemma 2.5, (p*, U * ) =  > (p, U) and P*I a = q l a. 

Using Lemma 2.7 we can extend (p*, U*) and <q, V) to <p~, Ua) and (q~, V~) 

respectively, such that domp~ = dom ql and p~la = qala. It can be easily seen 

that we can now extend (pl, U1), <q~, V0 to the respective conditions (p2, U2), 

(q2, V2) so that domp2 = domq2, for every a ~ domp2 

dom(p2(a)) = dom(q2(a)) = dom(p2(cf'(a))) = dom(q2(cf'(a ))), 

and p21 a = q21 a. Let 

U3 = {t 6 U21Va ~ dora p,  - a, (rng t ( a )  - rng pz(a)) tq rng q2(a) = f~,  

V3 = {t ~ V21 Va 6 dom q2 - a, (nag t (a )  - rng q2(a)) n rng p2(a) = ~}. 

Now we are ready to define the automorphism. For /3, 3' E 0 n  and a E 

d o m p 2 -  a let p~(/3) = 3' if for some n < to, p2(a)(n) =/3 and q2(a)(n) = 3'. Let 

f~ be a 1-1 correspondence between (rngp ~ - d o m p  a) and (domp ~ - rngp~).  

Denote  by ~r ~ the finite permutation of a which is defined as follows: 

dom ~" ~ = dom p ~ U rng p ~, for y E dora rr ~ let 7r ~ (3') = p ~ (3') if 3' ~ dom p ~ 

and zr~ = f~(3') otherwise. Let 7r be the member of G obtained from these 

7r ~'s, for a E dom p2 - a, in the obvious way. First note that <p2, U3), (q2, V3) 

P L  Let a E d o m d o m T r ,  then a ~ d o m p 2 - a  and if for some ordinal /3 E 

dom zr ~ = rngp2(a)U rng q2(a) and t E U3,/3 ~ rng t (a) ,  then by the choice of 

U3, /3 ~ rngp2(a).  Hence we can apply rr to (p2, U3) and (q2, V3). Let  V ' =  

V3 f3 1rU3 and U ' =  {Tr-l(t)l t E V'}. Since zr(p2)= q2 we have, by Lemma 3.2, 

(q2, ~rU3) E P'~, and it follows easily that also (q2, V') E PL Applying Lemma 3.2 

again (for lr -1) we get <,o2, U'>E P'~. So we obtained respective extensions 

(p2, U') and (q2, V') of (p, U) and (q, V) such that for 7r ~ Ha, ~'((p2, U')) = 

<q2, V'>. []  

LEMMA 3.4. Every limit ordinal a is of cofinality I% in No. 

PROOF. It is enough to prove the lemma only for every regular cardinal a in 

M. For  such an a and for every r < a ,  the class /9, ={(p, U)EP31Bn <to, 
p (a) (n)  >- r} is a dense subclass of (P3, ---- ). Hence G I{a} is a function from to 

on an unbounded subset of a. The natural name of this function is symmetric 

since it is invariant under H~a}. Hence G I{a} 6 No. []  
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4. The axiom of replacement 

Let A(x~, x2), B(x~) be new predicates, where B(xl) will assert that X 1 ~ M 

and A (xa, x2) will assert that (x~, x2) is in the generic filter G. We recall that W is 

a binary relation which well orders M. 

DEFINITION 4.1. Let t ~ P3, then we define: 

(1) t IF B(x), if (Vt '=  > t) (:It "-> t ' ) ( : Iy  E M) (t"lb 3~ = x), 

(2) tlk A(xj, x2), if ( V t ' ~ t )  (Bt">-_ t') (3y e P,) ((:Iy2~ M) (y2C P2)) 
((Y~, Y2) 6 P3) and (t" IF (x, = )~1) and (x2 = 3~2)) and t" >= (y~, Y2), 

(3) tlb W(xl, x2), if (Vt'_- > t) (=It ">- t')::lyl:ly2 (W(y,,y2) and t"lF 3~, = x, and 

t" IF )~2 = x2). 

DEFINITION 4.2. 

(1) M[G]~B(x )  if x E M ,  

(2) M[G]~A(Xl ,  X2) if (x~,x2)@ G, 

(3) M[G]~ W(xl, x2) if xl, x2E M and M ~  W(x~,x2). 

LEMMA 4.3. Let ~ (xa , ' . - , x , )  be a formula of the language of ( E , =  
A, B, W), then M[G] ~ ~(Xl,. �9 ", x,) iff there is a t E G t IF ~o(xl, �9 �9 x,). 

The proof is similar to the proofs of the analogous lemmas in Shoenfield [9]. 

LEMMA 4.4. There is definable well ordering of M[G] in the language 
( ~ ,  = , A , B ,  W). 

PROOF. The predicate W defines well ordering of M. By Shoenfield [9] 

M[G] = U{Ko(a) la  EM} and every Kc(a) is a set in M[G]. For b E M  let 

A(b) be defined in M by induction on rank(b) as follows: A(b) is the smallest a 

such that A(a)<=a for all a E r n g b  and t ~ P ,  for all tEdomb.  By [9] 

A(b)<=a~K~(b)=K6~(b) and M [ G ] =  U~Re~M[Go]. Hence G~ ~M[G]  
for every a ~ Reg and there is a formula ~o(x, y) such that M[G] ~ ~o(x, y) iff 

y E 0 n  and x EM[Gy]. There is also a formula ~ l (x ,y ,z )  such that 

M[G] ~ ~01(x, y, z) iff M[G] ~ (q~o(X, y) and x = K6, (z)). Notice that for the 

definition of K~, (z) we need the axiom of replacement only in M[Gy], which is a 

model of ZFC. Write now ~02(x,y) for B(x) and ((VaEOn)(a>--A(y) 
(~oo(y, a )  and ~oa(y, a, x)). Then M[G] ~ ~02(x, y) iff y = K6(x). Combining W 

with ~o2 we get a definable well ordering of M[G]. [] 
Let us fix some such well ordering. 
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LEMMA 4.5. Let ~(x, y) be any formula of the language of ( E,  =, A, B, W). 
If for some a ~ M[G], M[G]~ (Vx E a)(::ly) (q~ (x, y)), then there is b E M[G] 
such that M[ G ] ~= (Vx ~ a ) (::1 y E b) (p (x, y )). 

PROOF. First note that for a E Reg, M[G~] is definable in M[G]. Let, for 

x ~ a, to(x, c~) be equivalent to the following statement: ' a  is a least regular 

cardinal in M such that there is y E R ~  t~ol which satisfies dp(x,y)', where 

R ~  I~-J = {x ~ M[G~]lrank~t~]x < ct}. Note that for every' x E dom a there is 

an ordinal fl~ such that for every y =>/3,, t ~ P3, t 1 z t0(x, 3~), since otherwise we 

obtain a proper class of pairwise incompatible conditions which is impossible, 

since suppose that {(p,~, U~) I ~ E Reg} C P3 are pairwise incompatible. Define for 

such f(a) = po I ~. Since Ipo I < ~0 we can assume without loss of generality that f 

is a regressive function. But if f (a)=f(f l ) ,  then (p,, U,) and (Po, U~) are 

compatible by Lemmas 2.5, 2.7 and 2.8. /3 = U{/3, Ix E doma}. Let a be the 

least regular cardinal in M which is =>/3. Then 

M[G]~(VxEa)(=ly~R~tGJ)(q~(x,y)). R~t~-I~M[G~]C_M[G] since 

M[G~] is the model of ZFC. [] 

LEMMA 4.6. Let ~(x, y) be a formula of the language of ( E,  = ,  B, W). If  
Nc ~ (Vx E a)(::ly)(qb(x,y)) then there is b ~ N~ such that N~ ~ (Vx E a) 

(=ly ~ b )(dp(x, y )). 

PROOF. For a E Reg let N~o be the symmetric submodel of M[G~] which is 

generated by {Hola is a finite set of regular cardinals < a } .  Then Nc = 

U {N~. / a E Reg}. Let in M[G] ~ ~O(x, ~) iff a is the least regular cardinal in M 

such that for some y E R~o. N~ b ~(x, y). By Lemma 4.5 we obtain ao such that 

N~ ~ (Vx ~ a)(::ly ~ R,Ng.o)(~(x, y)). Note that since NG.o is the model of ZF, 

R ~o "~ E N o  o C No. [ ]  

THEOREM 4.7. (1) The Axiom of Replacement is true in M[ G ] for any formula 

of the language of ( U, =, A, B, W). 
(2) The Axiom of Replacement is true in NG for any form ula of the language of 

( ~ ,  = , &  w). 

PROOF. The models M[G] ,  N~ are closed under G6del's operations. Hence 

we need only to show that for any formula qb(x, y) in the models M[G] ,  No 

the following holds: 

(Va)(3b)(((Vx E a)(3y)(~(x, y))~-* ((Vx E a)(::ly E b)(~(x, y))))). 
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This follows f rom 4.5 and 4.6. [ ]  

No te  that M [ G ] ~ Z F C + ' V a  COn  [a  1=<1%', where  Z F C -  is Z F C  without  

the A x i o m  of Power  Set. 

5. The Axiom ot Power Set 

The  next lemma is based on a modification of theorem 1.36 of Prikry [8]. 

LEMMA 5.1. Let o - = ~ ( x ~ , . . ' , x ~ , )  be a formula, x l , . . . ,X r ,  E H S  and 

sym((x~,- . . ,  xm)) D_ Ha for some finite set a of regular cardinals. Then for every 

forcing condition (r, B )  such that dom  r = a there is a stronger condition (s, A )  

such that dom s = dom  r, s ~- r and (s, A)II or, where by (s, A)I1 cr (read (s, A )  

decides ~r) we mean that (s ,A)IF o- or (s ,A)IF ~ ) .  

PROOF. Let rl E B and rl ~ r. We  shall define for  every such rl a set F,, C_ B. If 

rl is not  extendible then we put F,, = {r~}. If rl is extendible let 

So' = {s ~ B Is D_ rl, s I k~ = r lk l  and there exists a U_C B 

such that (s, U)  E P3 and (s, U)IF or}, 

S ~ ' = { s ~ B ] s _ D r ~ , s l k ~ = r ~ l k l a n d t h e r e e x i s t s a  U C _ B  

such that (s, U)  E P3 and (s, U)IF --n or}, 

$2 ' =  {s E B I s_D r~, s I kl = rllk~ and there is no U C_ B such 

that (s, U)  @ P3 and (s, U)[[ tr}, 

S'x= S o ' U S ~ ' U S 2 ' = { s E B  [s D_ rl, s t k ~ =  rtk~}. 

We shall now consider  the double  domains  (dora 2) of the members  s of S',. We 

shall deno te  by x the function on some k =< to which enumera tes  the addit ions to 

dom: r l  needed  to obtain those double  domains.  Let  a -  kl={C~o,- . . ,a ,_~},  

where c~0 < a~ < �9 �9 �9 < c~,_~; since we assumed that S',~+{r~} we have n > 0. We  

define x by recursion as follows: x(O)=(c~(rl),m(r~)).  If x ( i )  is defined let 

x ( i )  = (aj, m ) for some 0 _-< ] < n and m < to. Let  (&, rfi ) be (aj+~, m ) if ] < n - 1 

and (ao, m + 1) if j = n - 1 .  If cf'c~ _-> kl or cf'c~ < kl and ( c f ' & , m ) E  dom~r~, 

then set x (i + 1) = (&, rfi); if cf' ~ < k~ and (cf' &, rfi ) ~ dora 2 rl then x (i + 1) is 

undefined and dora x = i + 1, since by (3) of Definit ion 2.2 there is no s E S", 

such that ( & , r h ) ~ d o m 2 s .  Not ice  that for every i < d o m x  and s C S "  if 

x ( i ) = ( a ( s ) , m ( s ) )  and c f ' a ( s ) < a ( s )  then ( c f ' a ( s ) , m ( s ) ) ~ d o m Z s ;  if 
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c f ' a ( s )  _-> kl this follows from s E io2, if c f ' a ( s )  < kl and i > 0 this follows from 

the fact that x(i) is defined, and if cf'a(s) < kl and i = 0 this follows f rom our 

assumption that r~ is extendible. 

For  every i < dora x let ~ = {s E S', I dom2s - dom2r~ = x"(i + 1)}. We define 

now a set of functions F~.~ on ~ for every i, j such that dom x > ] _-> i. For  l < 3 
and s E ~ let F~, (s )=  l if s ~ S~' and for i <. /  let F~(s) = l if the set 

{/3 Is t_J{(a(s),m(s),fl)}~ B and 

F~+Li(s t_J {Ca (s), m (s),/3)}) = l} 

is a member  of the ultrafilter 4)s. 

We shall now define P'~___P, for i < d o m x ,  by recursion. Using the kl- 
completeness of the ultrafilter 4),, we find a set P~ C Fo which is homogeneous  for 

all functions Fo.j (/' < dora x)  (homogenei ty  means that for all tl, t2 E F~ and for 

all 0 _--- j < dom x, Fo.j (t 0 = Foj (t2)) such that {/3 I rl [.J {(Or (rl), m (r0,/3)} ~ P~} 

) r  �9 

For 0 < i < d o m x  we take P ; = { S E E I s - E F ' H  and for all i = < j < d o m x ,  

F~.~(s) = F~_l.j(s-)} where s-  is as in (P10). It follows easily by induction on i that 

P] is homogeneous  for all functions F~.j (i =<j < d o m x ) .  The definition of the 

functions F~j implies that for every t E F'~-I, {/31 t t3 {(a(t),  m(t),/3)}E F;}E 4),. 

Set F,, = {rl} t_J I..J {P; I i < d o m x } .  To see that this construction leads us in the 

right direction we shall show that if sl, s:EP.,, (sI, A,),(s2, A2)EP3 and 

(sl, A1),(s2, A2)>-(r,B) then we cannot have (sl, A1)ll-o-, (s2, A2) l l -~ t r .  For  

some i~, i2_- < domx,  dom2si = dom2 r~ U{x(k)l k < ij} for i = 1,2. Assume,  with- 

out loss of generality, that i~ _-< i2. We shall see that if i, < i2 we can increase 

dom2sl single steps till we get i~ = i2. Since (a(sO, m(sO)= x(i~) and i1< i2< 

domx ,  s~ is extendible. By what we have ment ioned  E ={/3 < a ( s 0 1  
sl t_J {(a (s~), m (sl),/3)} E ff"~,} E 4)s, and since (sl, A1) E 1~ E '  = {/3 < Ct ($I)  I 

slU{a(sO, m(sl),/3)EA~}E4)s ,. Let / 3 ~ E A E ' ,  let gl = 

sl t.J{(a(s~), m(s0,/3)} and let A~ = {t E All t 3_ s~}. Then clearly g~E P], _C P,, 

and (g~,~tl)>=(sl, A1), hence (S1,/~I)]~'O" and dom2g~=dom:r~t_J{x(k)l k <  
i~ + 1}. This way we keep increasing ia till we get i~ = i2. We denote  i~ - i: by i. If 

i = 0 then s~ = s2 = r~ hence (s~, A1) and (s2, A2) are compatible,  contradicting 

(sl, A~)lt'~r, (s2, A2)II- ~ r .  If i > 0  then sl, s2EP~-~. Since (sl, A~)>=(r,B) and 

(s1, Al)ll- o- we have s1~ So', hence F~_~.,_~(sl) = 0, and similarly F~_l.,_l(s:)= 1 

contradicting the homogenei ty  of/~'~_~ for F~-1.~-I. 
Let F = I..J{F,,I r~ ~ B and rl ~ r}, (r, ff') satisfies all the requirements  of 

membership  in P3 except possibly (P6). This is the reason why we define yet 
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ano the r  set F ' .  First we put in # '  r as well as every r '  E B such that  r '  ~ r. For  
" t  s ~ F ,  we put  s U {(a(s) ,  re(s),/3)} in F '  iff for  every rl ~ B such that  rl ~- r and 

r,~_s[k,, r, Us U{(c~(s),m(s),/3)}~P,,. 
T o  p rove  that  F '  C_ # let s E F ' .  If s = r then,  by the definit ion of F", we have  

s E B and the re fo re  s E -#s C F. If s #  r and s = s -  U {Ca(s-), m (s-) , /3)} E F '  

then,  by the definit ion of F '  s -  E F '  and for  every r, E B such that  rl-~ r and 

rl_D s -  [ k~, rl U s E F,, C #. We  may assume as an induction hypothes is  that  

s -  E P __. B. Tak ing  r~ = r U s -  [ kl (which is in B by r equ i r emen t s  (P6) and (P7) 

of Defini t ion 2.3) we get that  s = r, U s E F. 

W e  shall now p rove  

(1) if s E # ' , ~ B , ~ - ~ r a n d ~ D _ s l k ~ t h e n s U ~  ~ [  ~'. 

W e  shall p rove  (1) by induction on the n u m b e r  k of pairs Ca, m) ,  with a > k~, 

in domZs-dom2r. If k = 0  then s~r ,  and since ?D_slk~, FDs and we have  

indeed s U ~ = F ~ # '  by the definit ion of _#'. If  k > 0, then s #  r and we have,  by 

the definit ion of - '  F ,  s = s -  U {(a (s-) ,  m (s-),/3)}, for  some  /3 < a (s-) ,  s -  E # '  

and for  every rl E B such that  r~ ~ r and rl D s -  I km, s U rz ~ F,,. Since ~ E B, 

~ r and f_D s t k~ = s - I  kl and (1) is a s sumed  to hold for  s -  by the induction 

hypothesis ,  we have  s -  U F E # '  C_ if'. Since ~ ~ r we have  a ( s -  U ?) = a ( s - )  and 

m ( s - U f ) = m ( s - )  and the re fo re  in o rder  to p rove  that  s U F =  

s -  U ? U {Ca (s-) ,  m (s-) , /3)} E _#' all we have  to do, by the definit ion of F," is to 

show that  for  every r ~ E B  such that  rl--~r and r~D~ we have  r ~ U s U f =  

r~ U s E F, l . But  this follows directly f rom the facts that  s E if" and s # r, by the 

definit ion of # ' .  

Now let us p rove  that  (r, # ' )  E P3. R e q u i r e m e n t s  (P1)-(P5), (P7) and (P10) hold 

obviously.  R e q u i r e m e n t  (P6) follows easily f rom (1) above.  Now let us p rove  that  

(P8) and (P9) also hold. Let  s e r f "  be  such that  e i ther  c f ' a ( s ) _ -  > kt or  else 

cf' a (s) < k~ and (cf' a (s),  m (s)) E d o m  2 s. For  rl @ B such that  r~ ~ r, r~ _D s I k~ 

let E , , = { / 3 < a ( s ) ]  r~UsU{(a(s),m(s),/3)}Eff),}. By (1), r~UsEff"Cff'. 
Since rl O s ~ F there  is an i < d o m  x such that  r~ U s ~ F ; .  By our  assumpt ion  s 

can be ex tended  on Ca(s),  re(s)) in B, hence  d o m x  > i + 1. As  we have  shown 

above,  E,, be longs  to the ultrafil ter @,,o,. By our  assumpt ion  on s and since 

r, ~-r, rl~ s lk ,  we have  q b o =  q%. ~ ,  is k t - comple te  and there  are at most  

JU(k~Ndomr)l'~ l<k~, r, E B  such that  q-~r. H e n c e  E =  ~ { E , , [  r ~ B  
and r~-~r and qD__Slkl}~@,. By the definition of _#' we have  { / 3 < a ( s ) [  

s U {Ca(s), m (s),/3)} ~ F'} = E ~ qb. H e n c e  (P8) and (P9) hold for  (r, F ' ) .  

Finally, let (sl, A~)->_ (r, F ' )  be  any condit ion which decides ~r. By L e m m a  3.3 

we can assume that  (s,,A,)l dora  r = (sl, A~) and hence  s~ @ _#', A~ C_ F ' .  Put 
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s=s l l k~Ur ,  A = { t ~ F '  I tD_s and t l k l U s , ~ A ~  }. We shall show that 

(s, A )  II ~. Assume that (s~, A~) IF cr (if (sl, A ~) IF --7 ~r we can proceed similarly). 

Suppose that (s, A)~ '  cr. Then there is a condition (s2, V)=> (s, A )  which forces 

-1 o-. By Lemma 3.3 it is enough to only deal with the case where s2 ~ A and 

V C A .  Let s~=s~Us21k~. By the definition of A, s'~EA~C_F'. Put A ' =  

{q E A1 I q _D s'l}. Then (s tl, A ') E P3, (s '1, A ') -> (s l, A ~) and, hence, (s ',, A ')IF o-. 

We have s~,s2~ F,u,~lk,, (s~,A '), (s2, > -' ' ' V) = (r, F ), (s '~, A ') II- o- and (s2, V)IF --7 o-, 

but this contradicts what we proved above about the Fr,'S. 

DEFINITION 5.2. Let (p, U), (s, V ) E  P3 and q E P2 be such that 

(1) dom q _D dora p U dom s, 

(2) q [ d o m p E  U, 

(3) q I d o m s  ~ V. 

Then let (s, V)U q (p, U) be the ordered pair (q, W), where 

W = { t E P 2 I t _ D q ,  d o m t - - d o m q ,  t l d o m p E  U , t [ d o m s ~  V}. 

LEMMA 5.3. Such a defined pair (q, W) is a forcing condition stronger than 
both (p, U) and (s, V). 

PROOF. Let p ' =  q [domp and s ' =  q [doms, then by Lemma 2.5 (p', Up,), 

(s', Vs,) E P3, where Up, = {r E U[ r _D p'}, V~, = {r E V I r _D s'}. By Lemma 2.6 

(q, U'), (q, V') E P3 where U'  = {r I r _D q and r is a dora q-extension of some 

t E  Up,} and V'={r  I rD_q and r is a domq-extension of some t E  Vs,}. By 

Lemma 2.7 (p, U) U q (s, V) = (q, U'  n V') ~ P3. [] 

THEOREM 5.4. N6 ~ the power set axiom. 

PROOF. Let  x ~N~.  We shall construct a one-one definable in M[G] 
function from pN, (x) = P(x) n N6 into a set in M, let k be the least strongly 

compact cardinal greater than 6 = U U {supp z I z E dom x} U Idom x I where 

supp z is the least finite subset a of Reg such that sym z _D Ha. 

Put P~ = {(p, U)E P3I domp  _C a} for regular cardinal a. Then, as can be 

easily seen, G~ = G n P~ is a generic subset of P~. 

Let Tk ={(p, U) EP3[ Vq E U, Va => k, Vn <o~ if (a ,n)Edom2q - dom2p 

and cf ' a  < a then the ultrafilter qb~,qtcf,o~(,~ is k -complete}. We shall prove that Tk 

is dense in P3. First notice that the class 

D = ((p, U) E P31 for all a E domp, d o m p ( a )  = domp(cf 'a )}  
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is dense in P3,  a s  we saw in Definit ion 3.1 where we ment ioned  that P "  is dense. 

Now we shall prove that for every (p, U)  E D there is a U'C_ U such that 

(p, U ' )  C "irk. For  every a ~ dom p - k such that c f ' a  < c~ let A,~ be the least 

ordinal  v <cf'o~ such that k T _  > - k where  k~ is as in Definit ion 1.1. Clearly, 

(p,U')ETk iff for all q E U '  if a(q)>=k and if cf'a(q)<a(q) then 

q ( c f ' a  (q))(m (q)) >= s There fo re  if we set b = {cf 'a  I a E d o m p  - k }, and for 

& E b ca = max{As I a @ d o m p  - k and c f ' a  = 6}, then (p, U ' ) E  Tk, if for all 

q ~ U '  and (&, m ) ~  d o m 2 q - d o m 2 p ,  we have q(&)(m)>= ca. Therefore ,  we 

choose  U '  = {q ~ U I for all ~ ~ b and m < to if (&, m ) E  domEq - dom2p, then 

q(&)(m)>= (c~)}. It is easily seen that (p, U ' ) E  P3. 

Let y C pN~ (x) and sym((x, y))  _D H<~,....~ ..... ...,~k,...,~m> for some regular  cardi- 

nals a~, �9 �9 a,, �9 �9 a,. such that n > 0, a ,  < of 2 < " " " < k, < a ,  " " ' a,  < k < " " " 

< a,.. Let  r0 be the least m e m b e r  of Tk N G, in the well order ing of M[G] such 

that r01Fy C_ x and dom((ro),) = {ao, . .  ", k,, a , , . - . ,  a,, k , . . . ,  a,,}. Such r0 exists 

by L e m m a  3.3. Let  A be the least cardinal greater  than 3 and a,. 

Consider  the following s ta tement :  

(*)  for every condit ion (p,U)~Tk such that (p,U)>=ro and d o m p C _  

A + U (On - k)  there is a s t ronger  condit ion (p, F )  such that for every z E dora x 

and for  every s E P~+ if s _-> (p I A +, P t A +) and supp z C_ dom((s) l )  then 

(a) There  is a forcing condit ion s ' ~  P,+ such that 

(1) s'>-_s, 
(2) d o m ( ( s ' ) , ) =  dom((s) ,) ,  

(3) (s '),  ~ (s),,  
(4) for some q E P2 such that q IA + = (s')~ and q I d o m p  E_r 

s 'U"(p ,F) l l z  e y. 

(b) For  every s '  E P~+ which satisfies condit ions (1)-(4) above, if q~, q2 E P2 are 

such that q l  I)t  + = q~l *+ = (s'), and q~ I domp,  q~l d o m p  E if', then 

s '  U q' (p, F)IF z E y iff 

s'Uq2(p,P)lF z E y and 

s '  U q, (p, F)IF z ~ y iff 

s' uq2(p, f ) lk  z ~ y. 

Suppose  that (*) holds. Let  (p(y),.~(y)) be the least m e m b e r  of G in the 

well-ordering of M[G] which satisfies (*). The  intuitive meaning  of (*) is that  in 

order  to decide s ta tements  about  membersh ip  in y, one  has just to  get 

informat ion about  G O P,+. 
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We define the map g~ E M from P~ dom x into the set 3 = {0, 1, 2} as follows: 

1, if s >-_ (P(Y)I k,F(Y)l k), dom(sa)_D suppz and for 

some q ~ Pz such that q I dom(p(y ) )u /? (y )  and 

q I A+ = (s)~lA § we have 

(s I A § U ~ (p (y), F0 ' ) )  U- z ~ y 

0, if s - (p (y)I k, F(y) l  k), dom(s)l _D supp z and for 

some q EPz  such that q l d o m ( p ( y ) ) ~ P ( y )  and 

q l A + =  (s)~/A § we have 

(s I,x*) u (pfy), P(y))I  z Z y 

2, in all other cases. 

Note that part (b) of (*) guarantees that g, is a function. Put f (y)  = gy, where y 

is the least symmetric name of y in the well ordering of M[G]. Now we want to 

show that f is 1-1 map. Let yl, y2 U P~'~ (x) and yl ~ y2. Find the least symmetric 

names yl, Yz for Yl, y2. There are a condition so E G and a z E dom x such that so 

is stronger than (p(yl),F(Y2)) and (p(y2),F(y2)), dom(so)~Dsuppz and 

So II-(z E y~ and z ~ y2) or So IF (z E yz and z ff Yl). Note that So also forces the 

formula 0 h C x  and yzCx)  since So>-(p(yl),F(yO), (p(y2),F(y2)). We can 

assume, without loss of generality, that So IF (z ~ y~ and z ~ yz). Let A, be the least 

cardinal greater than 6 t_l U (supp((x, y,)) N k) for i = 1, 2. Let s' => So I A ~- be a 

condition which satisfies requirements (1)-(4) of (*) with respect to A1, So I A ~- and 

(p(y~), P(yl)). Since s'  _-> So I h ~- and dom((s')~) = dom((so)0 f3 h ~ we can choose 

q E (so)2 such that q[A ~ = (s~)~. Notice that q Idom(p(y~))E ~(y , )  since so => 

(p(Yi),P(y~)) for i = 1 , 2 .  Hence s'Uq(p(y~),_P(yi)) is defined. Since s '  

satisfies (1)-(4) of (*) there is a q*EP2 such that q*lA~=(s ' )~,  

q * I domp(y~) E ff'(yl) and s'  t J ' ( p  (y~),/?(y~)) [I z E ya. By (b) of (*) we have that 

also s' t J  (p(y~), F(Yl))[I z E y~. Since q E (so)2 we get, by Lemmas 2.5 and 2.8, 

that s 'U  q (p(y~), P(y~)) is compatible with So. Therefore, since s01F z E ya also 

s'tA q (p(y~), P(yl))ll- z E y~. But s ' l  h~ LI q (p(y2), F(y2)) is compatible with so. 

Hence s' I h ~ t J  (p (y2), F(y2)) IF z E yz. Now by the definition of g, gy, (s'[ k, z) = 

1 and gy~(s'lk, z ) ~ l .  
The map f I is definable from parameters in M[G] and maps a subset of 

3~215176 on P ~ ( x ) .  Hence by Theorem 4.7 (1) PUo(x)~M[G].  For 
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y ~ pN~ (x) let f ' (y )  be the least strongly compact cardinal a in M such that 

y E N G .  By 4.7 (1) we obtain that P~'o _C Nooo, for some a0 E Reg. Then since 

NGoo~ ZF, pNG ( x ) E  N ~ o C  N~. 
Hence the theorem will be established once we prove the statement (*). 

First we prove two lemmas. Let h be any regular cardinal > kl and k be the 

least strongly compact cardinal greater than h. Let Cp, U ) ~  P3 be such that 

d o m p  n (h - kl) J O and d o m p  O (k - A) = ~ .  Let (p, V) E/93, Cp, V) _-> (p, U) 

we say that q E V is h-extendible in V if there is a q'  E V such that q'~q and 

q'[ h = q [ h, otherwise we say that q is h-inextendible in V. (Notice that q is 

krextendible  in V iff it is extendible in V.) By our assumption that d o m p  n 

(h - kl) t O and by the definition of P2 every member q '  of V is included in 

h-inextendible member  q of V such that q [3. = q ' ih .  It is also easily seen that if 

q and ~ are h-inextendible members of V and q lh = ~ l h  then dom2q = 

dom2t~. Let p C_ s C_ q' @ V and q'[ h = s [ h, where s is not necessarily in P2, 

then by what we have just said there is a h-inextendible q ~ V such that 

p _C s _C q and q [ 3. = q'[ h = s I h, and dom2q does not depend on the particular 

such q which we choose. We define a function x s on [ q - s [  by requiring 

x'(0),  x '(1),  .. �9 to be the members of dom2(q - s) ordered in the right lexico- 

graphic order. 

For  q E V and some subset T C_ {/31q U {Ca(q), re(q),/3)} E V}, we shall say 

that T has measure 1 if it belongs to the ultrafilter qbq. 

For s such that s = s' U q'  where q'  E V, s' ~ V[ h and s' _D q'l  h we say that s 

reaches V if either s E V or else if for some m -< d o m x  ~ the set A 7  = {/301 {/3, [ 

{/3,,-11 s U {C(x" (i))1, (x~(i))2,/3~)[i < m } E  U} has measure 1} . . .  has measure 1} 

has measure 1. Notice that if A ~ has measure 1 and m < m'  _----- dom x* then also 

AT'  has measure 1. This follows from (P8) and (P9). 

LEMMA 5.5. If h, k and (p, U) are as above and (p, U) E Tk then there is a 

V C U such that Cp, V)  ~ P3 and for every member q of V and s E V I k such that 

s D_ q l k s U q reaches V. 

PROOF. First we shall define subset U'  of U so that for every s E U'  I A, p U s 

reaches U. 

We put p in U'. Then if q ' E  U is such that q ' ~ p  we put also q'  in U'. 

Suppose now that q is already in U'  and q I k  Up  reaches U. Let (c~,m)= 

(a (q) ,m(q) ) .  If a - k  then we put also q U{Ca, m, fl)} in U'  provided q U 

{Ca, m,/3)} E U. Let now a < k. By our assumptions a must be less than h. Set 

= { v < a [  p U q [ k  u{Ca, m,v)} reaches U}. Let us suppose that F has 



80 M. GITIK Israel J. Math. 

measure  0. Then  the set F ' =  a - P  has measure  1. Put  q o = q l Z  U p  and 

n = d o m x  %. Notice that by the definitions of x '  and 2.3 

x q~ x qoU{<''"'~z" and x%U{~"'v~} I n = x ~ 

for any v, v~, v2 < c~. We shall now define by induction on i a sequence (q, I i =< n) 

such that dom2(q,) = dom2(qo)U xqo(i), q, reaches U and for  all v E iff', q~ U 

{Ca, m, v)} does not reach U. For  i = 0, qo is defined and is as required.  For  i < n 

by the induction hypothesis  q, reaches U hence we have {13 I q~ U {((xqffi)),, 

(x%(i))2,/3)} reaches U} has measure  1, while for  each v @ F' ,  q, U {(a, m, v)} 

does not reach U and therefore  {/31 q, U{((x%(i)),, (xq~ /3), ( a , m , v ) }  

reaches U} has measure  0. Since I/~'l _-< a < k and the ultrafilter corresponding 

to ((xqo(i))~,(xqo(i))2) is k -comple t e  (as (x%(i))l>= k and (p, U ) ~  T~) the set 

T={/3Jl  q~ U{((xqo(i))~, (x%(i))2, /3)} reaches U } - U ~ , { / 3 1  q~ u{( (x%( i ) ) ,  

(x%(i))~, /3), (a, m, v)} reache's U} has measure  1. Let  y E T and set q,+~ = 

q~ O{((xqo(i)),, (x%(i))2, y)}; q~+, is as required.  We have, therefore ,  that q, 

reaches U, and since dom2q,  = dom~qo U rng x % we get, by the definition of x% 

that q. is a A-inextendible m e m b e r  of U. Since q ] )t = qol )~ = q. t ~ and q is 

A-inextendible we have dom2q = dom2q,. Since (a  (q), m (q)) = (a, m ) ~ dom2q.  

we get Co~(q.),m(q.))=Ca, m).  By (P8) and (P9) we have that { v < a  I 

q. U {Ca, m, v)} ~ U} has measure  1, hence {v < c~ { q, U {(a, m, v)} reaches U} 

has measure  1, while for  v E F '  we have that q. U {(a, m, v)} does not reach U, 

which shows that l~' has measure  0 and 10 has measure  1. We put now in U '  all 

q U {(c~, m, v)} such that q U {Ca, m, v)} E U and v E -~ (i.e., 

p U q I'~ U {Ca, m, v)} reaches U). Thus  we have for this q U {Ca, m, v)}, p u 

(q U {(a, m, v)})[.~ = p U q I A u {(a, m, v)} reaches U since v E if. 

We shall now see that if q E  U and q l , ~  U ' IA then q ~ U ' .  We shall 

construct  an ascending sequence (q, l i <= l), where  q0 = p U q I k~, l = Iq - qol, 

q~ C_q, Iq, - q o l  = i (hence q~ = q) and q~ ~ U '  for  i _-< I. By the definition of U '  

we have q0 E U'  hence q0 is as required.  For  i < l let Ca, m ) = (c~ (q~), m (q~)) then 

for some v < a, Ca, m, v} ~ q - q, and we set q,.~ = q, U {Ca, m, v)}, obviously 

q~+~ E U. If a => 3. then by the definition of U' ,  q~+~ E U'.  Now let us deal with 

the case where  oe <,~. Since q JA ~ U'[}t  there  is a q ' ~  U '  such that q ' l ) t  = 

q I h.. Since a < )t, Ca, m, v) ~ q I )t = q ' l  A. Our  definition of U '  can be viewed as 

a construct ion of its members ;  let p '  be that m e m b e r  of U '  which occurs in the 

construct ion of q '  exactly by the addit ion of (a, m, v). Since q ' lA  = q ] , ~  and 

q,+~ C_ q we have P ' I  )t = q,+l I ,~- By the proper ty  of U',  since p '  G U' ,  p U p ' l  )t 

reaches U, hence  p U q~§ ,~ reaches U. By our  construct ion of U '  since q~ G U' ,  

q~+~  U and a < A we get q , + ~  U' .  
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As a consequence, if q E U '  then p U q [ ,~ reaches U' ,  since any member  of U 

obtained from p U q l h  by adding triples (a',m',/3') with a ' > A ,  is also a 

member  of U' .  
We shall show now that (p, U')  E P3. As it is easily seen, (p, U)  satisfies the 

conditions (P1)-(P5), (P7)-(P10) show that also (P6) holds. Let q~, q2 E U', q2 ~" p 
and ql U q2E P2. Construct an ascending sequence (v~ I i =< l) where v0= 

q, lkiUq2, l=]q, Uq2- vo[, v, C q~Uq2, Iv,-vo[= i (hence v,=q~Uq2) and 

v, ~ U '  for i < I. By (P6) and (P7) for (p, U)  we have Vo E U and, hence by the 

definition of U' ,  Vo is also in U'.  For i < l  let ( a , m ) =  (a(v,),m(v,)) then for 

some v < a, (a, m, v) is in q~ U q 2 -  v~. Set v,+l = v, U {(a, m, v)}, obviously 

V~+l E U. If a => h then by the definition of U' ,  v~+~ ~ U'.  If c~ < h then since 

(a,m, v )~ql  which is in U '  we have p U ((V,+ln q l ) Ih )  reaches U. Hence  by 

(P6) for U, p U V~+lIh also reaches U and by the definition of U '  then 

v,+l = v, U {(a, m, v)} is in U'.  

We shall now construct the main set V C_ U'.  Whenever  we put a q ~ U '  into 

V we shall also verify that for every s E U'[  h such that s D q [ h, q U s reaches 

U'. First we put in V, p as well as every q E U '  such that q = p. For such a q, 

q = p U q l k l = p U q l h C p U s  (for any s E U ' [ h  such that s _ ~ q ! h )  hence 

q U s = p U s reaches U '  by the property of U' ,  thus q U s reaches U'. Assume 

now that q E U '  is already in V, that for every s ~ U ' I  ;t such that s _~ q I h, q O s 

reaches U '  and that q is extendible. Let (a, m ) = (a  (q), m (q)). If a -> h then, by 

our assumption, a = k. Since a > h, q U s is not a h-inextendible member  of U '  

hence d o m x  qU~ > 0  and xqUS(0) = (a, m).  Since q U s reaches U' ,  Bs = {/3 < a [  

q U s  U {(a, m, /3 )} reaches U'} has measure 1. Since there are less than h 

functions s as above and the ultrafilter corresponding to (a, m)  in q U s is 

k-comple te  (since a => k and (p, U ) E  Tk) we have B ={/3 < a  I for all s as 

above q U s U {(a, m,/3)} reaches U'} has measure 1. For each /3 E B we put 

q U {(a, m,/3)} in V. The required property holds obviously. If a < h then let 

qU{(a,m,/3)} be in V if it is in U'.  Then if s E U ' I A  is such that s_D 

(q U {(a, m,/3)})[ h = q [ h O {(a, m,/3)}, by the assumption on q, s U q reaches 

U '  and s U q = s U q U {(a, m, v)}, hence s U (q U {(a, m, v)}) reaches U' .  

We shall show now that (p, V) satisfies the condition (P6), as it is easily seen 

that it satisfies all other conditions for being in P3. Let ql, q2 E V, q2 = p  and 

q~ U q2 E P2. We shall construct an ascending sequence (v~ [ i -< I) where v0 = 

qllk, Oq2, l=[q, Uq2-vo[, v,C_q, Uq2. I v , - v 0 [ = i  and v, E V  for i<=l. 
Notice that q~ U q2 E U '  since (p, U') E P3. By (P6) and (P7) for (p, U')  we have 

voE U '  and hence by the definition of V, VoE V. For i < l  let ( a , m ) =  

(a(v,),m(v,)) then for some v<a ,  (a,m,v) is in qlOq2--O,. Set v,+~ = 
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v, U{(a,m, v)}, obviously v,+,E U'. If a <A then by the definition of V, 

v~+~ E V. If a => A then for every s E U'  I k such that s -3 (q~ f'l v,)/A, s U (v, n q~) 

reaches U'. Let now some s E U'  I k '  is such that s _~ v~+~ I A. Then s U v,+~ = 

s U (v~ fq q~) reaches U'. Hence by the definition of V, v~+~ is in V. 

Now we shall show that for every q E V and s E V I k such that s _3 q I k, s U q 

reaches V. Suppose not. Then we shall find q E V and s ~ V I k such that 

s _D q I k, s U q does not reach V and the pair (I s I k~ - q I k, I, I dom x'~q I) is the 

least for such s, q in the lexicographic well ordering of to • to, where x'~q is used 

for U'  and it is defined since s Uq  reaches U'  and hence there is q ' E  U', 

q'_D s U q. Notice that if s I k, fi q I k, then since (p, V ) ~  P3, q ' =  q O s lk ,  ~ V 
and s U q ' = s U q  does not reach V. So s ] k , = q l k l .  I d o m x ' U q l > 0  since 

otherwise by the definition of V, s U q  is in V (since s l k ~ = q l k ~  , 

dom(s - q) _C A and q E P2) but a membar of V always reaches V. Hence since 

s U q reaches U', q is extendible. Let (a, m) = (a(q) ,  m(q)) .  If ce < k, then since 

s Uq  reaches U'  there is a q ' E  U'  such that q'_3 s U q and hence q'_D q"--  

q U { ( a , m , s ( a ) ( m ) ) } E  U'. By the definition of V, q " E  V. But q " U s  = q  U s  

which does not reach V. Hence a must be greater than or equal to k. By (P8) 

and (P9) the set B = {fl I qo = q U {(a, m,/3)} E V} has measure 1. But for every 

/3 in B, qo I k = q I k C s and hence by our assumption on s and q, s O qo reaches 

V. So {/3 I s U q U {(a, m,/3)} reaches V} has measure 1. But then s U q reaches 

V. Contradiction. [] 

LEMMA 5.6. Let A +, k be as in the proof of Theorem 5.4, let tr denote z ~ y and 

let (p, U) be a forcing condition stronger than ro as in the conclusion of Lemma 

5.5. Then there is a condition (p, Uz) >= (p, U) such that the conditions (1) and (2) 

below hold : 

(1) for every s ~ Pa. such that s >- (p, U,)IA + and dom(s)l _C d o m p  U supp z, 

if q~,q2EP2 are such that dom2ql=dom2q2,  q l ldomp,  q2 ldomp E U, and 

q l lA+=qz lA+=(s )~ ,  then there is a set VI such that V~ldompC_Uz  and 

(ql, Va)l l tr i f f forsome V: such that V21domp C Uz, (q2, V2)II o', and (q~, 1/1)11-o- 

i f  (q2, V2) IF tr; 

(2) if some forcing condition (q~,V~)>-(p,U,) forces tr (or --~0"), then 

(q,, V,)lA+O~,(p, U,) florces ~r (or ~ r ) ,  and if q ' ~  P2 is such that d o m ' q ' =  

dom2q~, q ' /A += q~/A + and q ' l d o m p  ~ U, then (q,, V,)IA+U~'(p, U,)I~- o" (or 

- '30").  

PROOF. (1) Let s ~ P * * ,  s > - ( p , U ) I A  + and dom(s) l_Cdomp Usuppz .  For 

some q E P2 such that dom q = dora s O dom p, q I dom p ~ U, q I A § = (s)~ and q 
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is A +-inextendible. Let x * be the function which enumerates dom2q - d o m 2 p  - 

k x ~o in the right lexicographic order. Set n = dom x'. Denote by Jo-, for/ '  ~ 2, 

the statement o- if j = 0 and --1 o- if j = 1. 

The arguments below are similar to the arguments in the proof of Lemma 5.1. 

Notice that if ~ @ U is such that t~ [A + _C (s)~, then there is a q ' E  P2 such that 

q'D_~ t, q ' l d o m p E  U, domq '=domp  Udom(s),  and q'lA+=(s)l. Since by 

Lemma 5.5, t~U(s ) l ldomp reaches U, hence there is q"EU,  q"D 
U (s)~ldomp and q"l A + = (s) l ldomp.  Now by Lemma 2.7 we get q'D_ q" as 

required. For every i < n  put ~ = { 4 E  U~ d o m Z ~ - ( d o m 2 p U k  x t o ) =  

x'"(i + 1) and ~ I A + C_ (s)t}. Define the functions F~ on ~ (for i < n) as follows. 

F~(t~)=l if {fl,+ll {fl,+21"'{/3,-~[ there is V such that ( ( s ) l u t ~ u U { ( ( x ( j ) ) l ,  

(x(j))z,/%)[ i < j  < n}, V) is a forcing condition stronger than both (p, U) and s 

which forces to-} has measure 1}. �9 �9 } has measure 1} has measure 1 where l < 2 

and ~ .  F~(4)=2 if {/3~+11..-{/3,_~1 there is no V such that ( ( s ) t U 4 U  

U {((x(j))~, (x (j ))2, /% )1 i < j  < n}, V) is a forcing condition stronger than both 

(p, U) and s which forces either o- or -1 o-} has measure 1}.. �9 } has measure 1} 

has measure 1. 

Similarly as in Lemma 5.1 we shall define #'~_C~ for i <  n. Using k~- 

completeness of the ultrafilters qb and ~,~,v for a _-> k~ and Lemma 5.5 find a 

subset #~ of #o which has measure 1 and is homogeneous for the function Fo (i.e. 

for all 41, q2 ~ /1~(~, F0(~l) = F0(~z)). For 0 < i < n we put #'~ = {q ~ F~ [ there is 

~ '~P;_~ such that ~_D~' and F~(~)= F~_,(~')}. It is easily seen that P'~ is 

homogeneous for the function F~ (i < n). The definition of the functions F~ and 

Lemma 5.5 imply that for every 4 E P;_~ such that a ( ~ ) =  > k, {/3 I 4 U{(a(~), 
m (q), /3)} E F'~} E qb~. 

Set if', = U{ff'~[ / < n}. Now we are ready to define the main set U, C U. Put 

in U, p as well as every p ' E  U such that p ' ~ p .  Let now q ~ U, and a pair 

(a, m ) = (a(q), m (q)). If a _-> k then put q U {(a, m, v)} in U~ if for every s E P, .  

such that dom(s)~C_dompUsuppz, s>=(p,U)lA * and (s)~_DqlA § 

q U{(tx, m, v)}~ if',. Notice, that since there are less than (2~)+ < k s as above 

and the ultrafilter corresponding to (o~, m) is k-complete (since c~ _-> k and 

(p, U ) ~  T~) we have that {v I q U{(a, m, v)}~ U~} has measure 1. In the case 

a < k  we put q U {(a, m, v)} E U, if q U {(a, m, v)} is in U. 

Verify that the thus defined pair (p, U,) is a forcing condition. The require- 

ments (P1)-(P5), (P7) and (P10) obviously hold. By the conclusion above (P8) 

and (P9) also hold. We shall prove (P6). Let q~, q2 ~ Vz,  q2 ~" p and q~ U q2 ~ P2. 

We shall construct an ascending sequence (t~, l i-< l), where 40 = q:Uql I kl, 
l=lq~Uq2-~lo I, (bC_q~Uq2, 1 r  i (hence q, = qlUq2) and r  U, for 
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i =  < L  By the definition of Uz we have ~0E U,. For i < l  let ( a , m ) =  

(a(~i), m(~i)), then for some u < a, (a, m, v) E ql tO q2-  ~, and we set ~,+1 = 

q, tO {(a, m, u)}, obviously q H ~  U. If a < k then by the definition of U,, 

~+1 E Uz. Now let us deal with the case where a > k. By the definition of Uz, 

since qlEU,, for every sEPa+ such that dom(s)lCdompUsuppz, s>= 
(p, U)[ h § and (s)l _D ql n qi, ql O q, tO {(a, m, u)} ~ if',. If for such s, (s)l _~ ~,, then, 

by the definitions of F~ and _~'~, for i < n ,  and since q l n ~  ~ j ,  ~+1= 

~ O {(a, m, v)} E F,. Hence ~i+1 E U~. 

Let now q~, q2 E P2 be such that dom2ql = dom2q2, q] I domp, qz ldomp E U, 

and qllA§ for some sEPt+ such that s>=(p,U,)lA + and 

dom(s)1 ___ dom p U supp z. Then q~ I dom p, q2 I dom p E ~'~. The homogeneity of 

P~ and Lemma 3.3 imply that for some V~, V11domp C U,(ql, V1)IF o- (or or) iff 

for some V2, V2Idomp _C U, (q2, V2)IF ~r (or o-). 

(2) Let some condition (ql, V1)>=(p,U,) force cr (the case with ---10- is 

similar). We can assume by Lemma 3.3 that domql  = domp Usuppz.  Set 

s = (q~, VI)IA +. If t = s Uq,(p, U,)~o"  then some condition (q2, I/2) stronger 

than t forces ---1 o" and again by Lemma 3.3, we can assume that domqz = 

domp Usuppz  = domql.  Therefore q21A+E(s)2 and hence there is q3~ V1 

such that q3IA += q21A + and dom2q3 = dom2q2. Then by (1) there is a set V3, 

V31 domp _C U,, (q3, V3) IF o-. But it is impossible since the conditions (q3, V3) and 

(ql, V1) are compatible. Hence t = s uq,(p, Uz)IF ~r. 

Let q'~P2 be such that domZq'=dom~q],  q'lA+=q]lA+=(s)~ and 
q ' l d o m p  E U,. If t ' =  s U~'(p, U , ) ~  o" then let (q", V") he any stronger condi- 

tion which forces -~ cr and dom q"= dom q~ (by Lemma 3.3, as above). Since 
q " l A+ ~  (s)z, there is a ~ E V~ such that ~IA += q"lA+ and domZ~ = dom~q ". 

Then by (1) there is a set V such that IS'l domp C Uz and (4, V)IF --'1o-. But it is 

impossible since (4, k') and (q~, V1) are compatible. [] 

PROOF OF (*). Let (p, U) ~ Tk be a condition stronger than r0 which satisfies 

the conclusion of Lemma 5.5. For every z E domx find by Lemma 5.6 the 

condition (p, Uz)>-(p,U). Put v = n { u z t z E d o m x } .  We shall prove that 

(p, V) is a forcing condition. By the definitions of Uz (z E dora x), p E V and if 

q ~ U and q -~p then q is also in V. Let q E V and (a, m) = (a(q) ,m(q)) .  If 

a < k then, again, by the definitions of U,, q U{(a,m, v)}E V provided 

q U { ( a , m , v ) } E U .  If a_->k then 

{ulqU{(a,m,v)}EV}= ('~ {vlqU{(a,m,v)}EUz} 
z E d o m  x 

and it is the intersection of less than A + sets of measure 1, hence the set of 
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measu re  1, since each (p, U z ) ~  "irk. Now we shall show that  (p, V) satisfies (*). 

Let  z E d o m x ,  s E P t + ,  s = > ( p , V ) [ A  + and s u p p z C _ d o m ( ( s ) l ) .  No te  that  

s/dom(p)EUz. Let  q~EP2 be such that  q l l  A+ --- ( s ) , ,  q l [ d o m p ~ V  and 

domq~ = d o m p  Udom( ( s ) l ) .  Find by L e m m a  5.1 a condi t ion t => s Uq,(p, V) 

which decides z E y, and which satisfies the conclusion of that  L e m m a .  Set 

s '  = t [  A +, q -- (01.  Then  s ' =  > s, dom((s ')~) = dom((s)~), by L e m m a  5.1 (s')l  ~ (s)l 

and by L e m m a  5.6 s '  U q (p, V)[[ z ~ y. 

Let  now some  s '  E P~+ satisfies r equ i r emen t s  (1)-(4) of (*). Let  q~, q2 E P2 be 

such that  ql[h+=q2lh+=(s')~ and q, l d o m p ,  q 2 [ d o m p E  V. Suppose  that  

t~ = s'Uq,(p, V)IFz  E y  and & =  s'Uq~(p, V)IKz Ey.  Find t3 => t2, tal~-z6ey. W e  

may  assume that  dom((t3)~)= d o m p  U supp z = dom((tt)~). Ex t end  ql, (t3)~ until 

q ~, q ~' so that  q ~ E (h)2, q ;  ~ (t3)~, q '~ I A § = q ~ I A + and dora 2 q '1 = d o m  2 q ~'. Then  

(q~, {t E (h )z l  tDq~})lFz E y  and (q~, {tE(t3)2[ t~_q~}lFz6ey. But this con- 

tradicts L e m m a  5.6. H e n c e  t2 II- z E y. [ ]  

[]  of T h e o r e m  5.4. 

6. What can happen without the axiom of choice 

First we re turn  to Specker ' s  ~ (for the definit ion of l l ,  see the In t roduct ion) .  

In the mode l  N~ of Z F  ' I ) =  On' holds by L e m m a  3.4. T o  obtain  a mode l  of 
N G 

f t  = to~+~ for  a E On let A = I%+,  i.e. A is the (a  + 1)st cardinal  of N6. O n e  can 

verify using a rgumen t s  similar to those of T h e o r e m  5.3 (but much  s impler)  that  

N6~ is a mode l  of f l  = to~+~. Note  that  to ob ta in  N ~  we need  only an initial 

s egment  of the sequence  (k~ I u E On) of all s trongly compac t  cardinals.  Thus  for  

the consis tency of ~ = too+l we need the s trongly compac t  cardinals  (k~ I u < a ) .  

In part icular ,  for  a = 2 we need  only one  strongly compac t  cardinal  or  the 

weake r  a s sumpt ion  that  there  is cardinal  k which is k+"-s t rongly  compac t  for  

every n < to. T o  obta in  the consis tency of l-I = ton we start  f rom the assumpt ion  

that  there  is a regular  cardinal  k which is a limit of < k-s t rongly  compac t  

cardinals,  where  a is said to be  < k-s t rongly  compac t  if for  every  /3 < k, a is 

/3-strongly compac t .  We  define P~, P2, P3 only be low k. The  mode l  N6 k thus 

ob ta ined  has the  requi red  proper ty .  This  establ ishes the following theo rem:  

THEOREM 6.1. (1) If  Z F C + ' ( V a E O n ) ( 3 k  >or k is a strongly compact 
cardinal)' is consistent then so is Z F +  f~ = On. 

(2) I f  Z F C + ' t h e r e  is regular cardinal k which is a limit of < k-strongly 
compact cardinals' is consistent then so is Z F  + 12 = ton. 
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(3) I f  ZFC + 'there are a strongly compact cardinals' is consistent then so is 

Z F +  f l  = to,~+~ (where a is given by an absolute definition). 

DEFINITION 6.2. (Specker [10]) Let Go = the class of all countable sets, 

G"  = the class of all countable unions of sets from U {C'o I/3 < a} and G,  = 

G ' -  U{Ga  I/3 <c~}. Put (~ = U{O~ l a  E0n} .  For a set a E (~ let g rada  be 

the least a such that a E t~. 

As is easily seen V = t~ which asserts that every set has a grad implies I~ = On. 

THEOREM 6.3. (1) No ~ 'every set is a countable union of sets of smaller 

cardinality '. 

(2) v =  

PROOF. (1) For a well orderable set the theorem follows from Lemma 3.4. 

Let now A E N o  and No~=(there is no well ordering of A) .  Let A be a 

symmetric name of A. Then for some a C Reg and A E Reg, suppA C a and 

U {supp x I x ~ dom A } < A. Put for b E [A ]<" dora Bb = {x E dora A I supp x C 

b} and Bb(X) = laoe,3). For every 7r E Ha and x E dom Bb, 7rx E dom Bb. Since H~ 

is the normal subgroup of the group of permutations, for every g E Hb, 7r E Ha, 

7r-lgzr also is in Hb, hence for x E d o m B ,  (Tr-lgTr)x = x and g(~rx)= 7rx. So 

symBb_DHo and {(b, Bb)l b finite subset of A}ENo.  Find in M a bijection 

f:A~-->A <~. Then {BI~,~I T < A } E N o .  Let d o m B b = { x ~ J v < a } ,  sym{(~,xv)l 

v < a}_D Hb. Hence in No there is well ordering of Bb for b E [A] <'. 

Put C~ = A  fq U~<~Bf<,) for ~ =<)t. Find the least ordinal r/ such that 

Jc~l = IA I. If r/ is limit ordinal we are done. Suppose that r / =  r/0+ n where no 

is a limit ordinal and n < to. 7/0 = 0 is impossible otherwise A is well orderable. 

Put C~ = A tq (C U U~,B~t,o§ Then C~ = C~ o. Choose in No a sequence 

(v, In < to) such that U.<,ov, = no. Then C, = U { C ' . [  n < to}. If for some 

~<*1o, IAI=IC'e l  then we can do the same with C'~.. Notice that since 

~: < r/0< 8 and by our  assumption A is not well orderable the axion of 

foundation implies that this process must stop after a finite number  of steps. 

(2) Show that an A ~ N~ has a grad. Let the sequence (C, J & _-< A) be as in (1). 

Show by induction that for every a _-< A, (7, has a grad. Suppose that for every 

/3 < a, Co has a grad. By the definition of (C, J8 < A), (7, = U,<~Co if a is a 

limit ordinal and C~ = C., O (A fq Bft~,)) if a = a '  + 1. In the second case C~ has 

a grad since Bft~,) is a well orderable set in No and hence has a grad. For limit a 

find in N~ an to-sequence (/3. I n < to) with limit a. Then C, = O.<~,C~. and 
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each Co. has a grad. Hence C~ also has a grad. Now A = Uo<sC~ for some 

6 -< h. It follows that A has a grad. [] 

THEOREM 6.4. There is a generic extension of No in which every ordinal has 

cofinality No but there is an uncountable set A such that for every sequence 

(A, I i ~ I) which is increasing with respect to inclusion if I A, I < t A I for every 

i ~ I and A = U ~ A ,  then I I I  => I A [. 

PROOF. Let C be the Cohen's forcing conditions which break the axiom of 

choice, i.e. C = {p I P is a finite function from to x to x to into 2 = {0, 1}} and C is 

ordered by inclusion. Permutations on (C, _D ) are defined as follows. Let r be 

some permutation of to x to such that if r n~ ) = (n', m')  then for all m, n = n'  

or for all m, n J  n', rr generates permutation on (C, _D ) 

dom(rrp) = {(~" (n, k ), m )l(n,  k, m ) ~ dom p }, 

~p(Tr(n, k ), m )= p(n, k, m ), 

where p E C and n, m E to. Consider the symmetric extension N b  of No which is 

generated by the set of all Ht = {Tr I 7r(n, m ) = (n, m ) for (n, m ) ~ l} where l is 

some finite subset of to x to (for details see Jech [4], model X l l ) .  Let x,~k = 

{m Eto[  ( 3 p E G ' )  (p(n, k, m )= l )} where G '  is a generic subset of C. Let 

X , = { x , . k l k E t o } .  Put A = { X ,  I n E t o } .  By Jech [4] A has the required 

properties. []  

Speker [10] proved that gradto~ = c~ and grad(P(to,))-_> a + 1. Hence the 

strongest statement in this direction which may hold is: 

(K) For every ordinal a, P(too) is a countable union of sets of cardinality 1%. 

Speker showed that the consistency of (K) implies the consistency of (V = t~). 

By means of a proof similar to that of Theorem 6.3 one can show that if (K) is 

consistent with ZF then (K) does not imply V = (~ in ZF. By the next theorem 

V -- (~ does not imply (K) in ZF. But is (K) consistent with ZF? It seems that to 

prove the consistency of (K) with ZF we need some much stronger assumptions 

concerning the existence of large cardinals. 

THEOREM 6.5. (1) No ~ (2 M~ is not a countable union of well orderable sets). 
(2) No ~ (grad(2 ~~ = 2). 

PROOF. (1) Suppose that 2'0 = U { B ,  [ n < to} and each B. is a well orderable 

set in No. Then for every n < to there is a finite set a, of regular cardinals (in M)  

such that for every x E B,, sym x _D Ha.. O n e  picks a. as the support of a one to 
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one  function f rom an ordinal  on to  B.  and easily verifies that for  x E B., 

s y m x  _D a,. Let  f be a symmet r i c  name  of the set (B.  I n < to). Def ine  the name  g 

for  the sequence  (a .  In  < to) as follows: 

domg ={(h, su(gpa)Vl(n,a)Edomf} and g((fi, sufgpa)V)= f(fi, a). 

Since s u p p g  _Csuppf,  g is a symmetr ic  name.  So (a .  In  < t o ) E  NG. Find an 
NG 

ordinal  a such that 1,r < a < k~ = N~ , o~ is a regular  cardinal  in M and there  is 

no n < to such that  a E a.. The re  is such an c~ since U {a. l n < to} is a countable  

set in No. Let  x E N~ fq P(to x to) be a well order ing of to by the o rder  type c~ 

which is ob ta ined  f rom the generic  function G I{a}. Put y = j " ( x )  where  

j : to x to ~ to. Then supp y = {o~ } and if z E pN= (to) is such that a ~ supp z then 

N o ~ y ~ z  since Gl{ol} is a generic  subset  of P31{a} in the model  

M[G"(suppz)] C No. Thus  y ~  z for all z E B,,, n < to, contradict ing U .< ,oB.  = 

P(to).  

(2) For  every b E [ k , ]  <~ let domBb  = { x  I domx_Co5  and s u p p x _ C b }  and 

rngBb={1Ro(p~)}. As  in T h e o r e m  5.2, 2 ' % c U { B b l  bE[k~]<~}.  Set C~ = 

2 ' % N U { B b l  b E [ 6 ]  <~} for  (~_-<k~=~7~. In No each C~ for ~ < k ~  is a 

countab le  union of countable  sets. Hence  b} (]), 2",, S C~ for 6 < k~. So 2",, = Ck,. 

The  cofinality of k~ in No is ~0. Hence  2",, is a countable  union of sets of grad  ]. 

Again  (1) implies that  grad(2",,) = 2. [ ]  
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